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THE CLOCK PARADOX IN RELATIVITY THEORY* 


ALFRED SCHILD, The University of Texas and Physics Laboratory, 
Hughes Aircraft Company 


The clock or the twin effect of the theory of relativity is essentially this: 

Consider a pair of twins. Immediately after birth they are separated. One 
of them, the first one, remains on earth; the second one is put in a rocket ship 
and flown to Alpha Centauri at a pretty high speed, 99% that of light. Alpha 
Centauri is the nearest star; it is about four light years away from us. As soon 
as the second twin gets to Alpha Centauri, he turns around and flies back to 
earth at the same high speed. When the two twins meet again, the first one, the 
one who stayed behind on earth, will be eight years old. He will be eight years 
old in every sense of the word. For example, he will be able to talk quite well 
and read a little bit. He may have just finished second grade and be about to 
enter into third. The second twin, the one who took the journey, on his return 
will be approximately one year old. Again, he will be one year old in every sense 
of the word. He will still need diapers, he will be barely able to walk and he 
won't be able to talk much. 

This effect is also known as the clock or the twin paradox and it is the para- 
dox that we wish to discuss today. There are a few other problems which I am 
going to mention very briefly but which we are not going to discuss in any de- 
tail. 

The first problem is that of experimental verification. Has the clock effect 
ever been observed? The answer is “yes.” The fact that fast u mesons, produced 
in our atmosphere by cosmic rays, decay more slowly than uw mesons at rest is a 
verification of what is essentially the clock or the twin effect. 

The second problem is of a technological nature. Is it likely that in the near 
future we can let a human being take a trip of this kind and observe such a large 
effect? The answer is “no.” The energy required to produce such huge speeds 
in a macroscopic body is completely prohibitive, and from the technological 
point of view an effect on the scale that we have considered is not going to be 
observed in the foreseeable future. __ 

The third problem is of a sociological nature. If we consider a young man in 
his twenties going off on a faster and more extended trip than that of our twin, 


* Presented to the Thirty-ninth Summer Meeting of the Mathematical Association of Amer- 
ica, August 26, 1958. This talk was first given in January 1958 at a seminar at the Wright Air 
Development Center in Dayton, Ohio. It was also given in July 1958 at the Research Laboratories 
of the Hughes Aircraft Co. and at the RAND Corporation. 

This expository paper, it is hoped, will help to dispel the confusion on the concept of time in 
relativity theory, which is still as wide-spread as it is unnecessary. It contains simple and basic 
ideas which were all known and understood as far back as 1905. Under the circumstances, it seemed 
unnecessary to give references to large quantities of publication, controversy and polemic which 
has appeared in the intervening years. 

The writing of this paper was supported in part by U.S. Air Force Contract AF 33(616)-5832, 
monitored by the Aeronautical Research Laboratory, Wright Air Development Center. 
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we might ask whether upon his return to earth the man should or would marry 
his own great-great-granddaughter. Well, relativity doesn’t say anything about 
that; it just says that he could. 

The clock or the twin paradox exists on two levels. 

The first is the layman’s level. The clock or the twin effect runs counter to 
his usual concept of time. Here the only possible answer is that if such an effect 
ever becomes commonplace and becomes part of people’s everyday experience, 
then the layman will simply have to get used to thinking about time in a differ- 
ent way. The situation is somewhat analogous to the concept of “up” and “down.” 
In the history of the development of mankind and, in fact, in the development of 
each individual human being, at first there was an immediate generalization 
from experience of a small neighborhood on the surface of the earth; and this 
generalization led to the assumption that there is a uniform up and down direc- 
tion which permeates the whole universe. I think every child, when it first 
hears that the earth is round, immediately asks, “Well, why don’t people in 
Australia fall off?” Ultimately the child, and the human race as a whole, got 
used to the idea of gravitation and to the fact that there is no universal up and 
down direction throughout the universe. The clock or the twin effect says some- 
thing very similar about time. There is no universal time that permeates the 
whole universe. 

In this connection, we should perhaps mention that in classical Newtonian 
physics there is a universal time or, equivalently, that time is integrable. On the 
other hand, the special theory of relativity of 1905, the theory developed by 
Lorentz and Poincaré and Einstein, predicts that time in general is non-integra- 
ble. This is the twin effect. Now, both classical physics and the theory of rela- 
tivity are perfectly self-consistent logically. It is not possible to decide between 
them by argument. The only difference is this: Special relativity agrees with 
facts, with experiments and with observation, and Newtonian theory does not. 

At a higher level there is a more subtle paradox—that of the physicist who 
knows some relativity theory. The Lorentz transformation implies that a mov- 
ing clock goes slow. And now the physicist argues as follows: The first twin, 
the one who stays behind on earth, says that the second twin’s clock goes slow. 
Thus, when the two twins meet again, he argues, twin 1 should be older than 
twin 2. Well, he is correct in his conclusion. Now twin 2, during each of the two 
legs of his journey, can also apply the Lorentz transformation and say that the 
clock of the first twin goes slow, that time goes slow for the first twin, that he 
ages more slowly, and thus that when the two twins meet again, twin 1 should 
be younger than twin 2. This, of course, is paradoxical and, in fact, if correct, 
would mean that relativity theory is inconsistent. Actually, the argument of 
twin 2 is false, as we are going to show later on. 

A good many physicists believe that this paradox can only be resolved by 
the general theory of relativity. They find great comfort in this, because they 
don’t know any general relativity and feel that they don’t have to worry about 
the problem until they decide to learn general relativity. However, they are 
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quite wrong. The twin effect, and certainly an effect of the large order of mag- 
nitude that we have been considering, is one of the special theory of relativity. 
The paradox can and must be resolved within the context of just the special 
theory of relativity. This is important for the following reasons: 

The special theory of relativity is now well established by physical observa- 
tion. It is not only the original experiments, such as those of Michelson and 
Morley, which confirm the special theory of relativity. By now a very large 
number of phenomena agree with the special theory of relativity and verify it. 
For example, the Dirac electron—the electron that obeys the relativistic Dirac 
equations which predict the spectrum of the hydrogen atom to very good ac- 
curacy, the fact that an electron has spin, the fact that the gyromagnetic ratio 
of an electron has an extra factor 2 which one does not get from a naive model 
of a rotating rigid charge, the fact that positrons exist, the fact that relativistic 
quantum electrodynamics can now predict the Lamb shift with an accuracy 
of one in ten million, the fact that E=mc? and that nuclear bombs are going off 
all over the place; all those facts, and many others, are confirmations of the 
special theory of relativity. 

The situation is quite different with the general theory of relativity. The 
general theory of relativity, Einstein’s theory of gravitation which assumes a 
curved space-time background, is an aesthetically beautiful structure but there 
is only very meager experimental verification. There are just the three famous 
effects which are barely outside the range of experimental error. It is quite pos- 
sible that the general theory of reiativity is completely on the wrong track. For 
example, if satellite red-shift experiments do not agree with the predictions of 
the general theory of relativity or if we should find that positrons accelerate 
upwards in the earth’s gravitational field, contradicting the equivalence prin- 
ciple, then the general theory of relativity would have to be abandoned. How- 
ever, the twin effect would still exist. 

Before I discuss the clock paradox, I should like to give you a brief bird’s- 
eye view of classical, pre-relativistic physics and of the special theory of relativ- 
ity. 

Figure 1 shows a sketch of the structure of classical physics as it existed 
around the year 1900. There were two great theories, mechanics as perfected by 
Galileo and Newton, and electromagnetism as perfected by Faraday and Max- 
well. Most physical phenomena at that time were known to fit into one or the 
other of those two theories. For example, acoustics and thermodynamics (or, 
equivalently, statistical mechanics) were known to be special cases of the theory 
of mechanical systems. Optics was known to be the theory of a special class of 
electromagnetic phenomena. 

In classical mechanics the main law is the Newtonian equation of motion, 
the equation that states that force equals mass times acceleration. Actually, 
for our purposes, we have to state Newton’s law of motion more carefully. We 
shall say that there exists a method for measuring the displacement of a particle 
and for measuring the time, there exists a frame of reference, such that in that 
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frame of reference force equals mass times acceleration. Such a frame of reference 
is known as an inertial frame, or as a Galilean or Newtonian frame. As soon as 
the existence of such a frame of reference is postulated it immediately follows 
from the laws of mechanics that there are an infinite number of inertial frames 
between which the laws of mechanics cannot distinguish. In mechanics we have 
a principle of democracy; one inertial frame is as good as any other. The differ- 
ent inertial frames move relative to one another with uniform velocity of trans- 
lation. Mathematically, the transformation from one inertial frame to another 
is known as a Galilean transformation; it is t=’, x =x’+0t’, etc. 


MECHANICS ELECTROMAGNETISM 
ns ns 
NEWTONIAN =~ OF MOTION MAXWELLS = 


ISOTROPIC LIGHT PROPAGATION 
(c=!) 
dt* - - 0 
INERTIAL FRAMES PREFERRED INERTIAL FRAME 
(DEMOCRACY) (ARISTOCRACY , 
ETHER, ABSOLUTE REST.) 


GALILEAN TRANSFORMATIONS: 


Fic. 1. Scheme of classical, pre-relativistic physics (~1900). 


In electromagnetic theory the basic equations are Maxwell’s equations. It 
is a direct mathematical consequence of Maxwell’s equations that light propa- 
gates isotropically, with the same velocity in all directions. The velocity c of 
light is a constant that appears in Maxwell’s equations. Throughout this talk 
we shall use units such that the velocity of light ¢ is equal to one. This means 
that instead of using the centimeter as a unit of length, we use the light second 
or 300,000 kilometers as our unit of length. Then the equation di? —dx*—dy? 
—dz*=0 expresses the law of isotropic light propagation. It is the equation 
which must be satisfied if a light pulse emitted at the point x, y, z at time ¢ is 
to reach the point x+dx, y+dy, z+dz at time ¢+dzt. If it is now assumed that 
Maxwell’s equations in their usual simple form are valid in one inertial frame of 
reference, then it was clear to the physicist of 1900 that Maxwell’s equations 
could not hold in any other inertial frame. His argument went as follows: “Con- 
sider a light signal propagating to the right with velocity c and another light 
signal propagating to the left with velocity c. An observer moving to the right 
with the velocity v is catching up to the first light pulse, and for that observer 


1959] THE CLOCK PARADOX IN RELATIVITY THEORY 5 


the first light pulse has a velocity smaller than c, the velocity c—v. On the other 
hand, the observer is running away from the second light pulse, and the second 
light pulse has for the observer a velocity greater than c, the velocity c+v. For 
the moving observer the two light pulses do not propagate with the same veloc- 
ity. Thus for the moving observer Maxwell’s equations cannot have the usual 
simple form. If they did, then again isotropic light propagation would follow as 
a mathematical consequence. It is therefore clear that in electromagnetic theory 
we have a principle of aristocracy. Of all the inertial frames which are possible 
in mechanics, electromagnetic theory picks out one preferred frame.” This pre- 
ferred frame was called the ether or the frame of absolute rest. 

The experiment of Michelson and Morley was designed to discover what 
this preferred frame was. More precisely, it was designed to measure the absolute 
velocity of the earth, the velocity of the earth through the ether. As you know, 
the Michelson-Morley experiment, and other experiments of the same type, all 
gave a null result. The empirical facts were not in agreement with the structure 
of physical theory as it existed in 1900. 


MECHANICS. ELECTROMAGNE TISM 

RELATIVISTIC | 

="* OF MOTION MAXWELL's = ™ 
(E = me®) 


ISOTROPIC LIGHT PROPAGATION s~ 
(e=#1) 
LORENTZ 
TRANSFORMATIONS: ds® dt® - dx® - dy? - az? 
INERTIAL FRAMES 
(DEMOCRACY) 


Fic. 2. Scheme of the special theory of relativity (1905). 


Figure 2 shows how the special theory of relativity alters the scheme of 
classical physics in order to bring it into agreement with the new experimental 
facts. Maxwell’s equations and their consequence, the isotropic propagation of 
light, are retained unchanged. So is the fact that we have democracy among 
inertial frames, that there are an infinite number of inertial frames moving rela- 
tive to one another with uniform velocity, and that physical experiments are 
unable to distinguish between them. However, the Galilean transformations 
which do not leave M2xwell’s equations invariant are thrown out. They are re- 
placed by a new set of transformations, the Lorentz transformations, which are 
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those linear transformations which leave invariant the expression ds? = dt? —dx? 
—dy*—dz*. In particular, the Lorentz transformations leave invariant the 
propagation properties of light which correspond to ds?=0. It can be shown, 
although we shall not do this here, that in fact they leave invariant Maxwell's 
equations. However, the laws of mechanics, Newton’s equations of motion, 
which were invariant under Galilean transformations, are not invariant under 
Lorentz transformations. Thus mechanics now seems to pick out a preferred 
inertial frame; an electromagnetic ether has simply been replaced by a mechan- 
ical ether. At this stage physicists were getting somewhat tired of the idea of an 
ether, whether electromagnetic or mechanic, and relativity theory makes me- 
chanics Lorentz invariant by altering the laws of mechanics slightly, by replac- 
ing the Newtonian equations of motion by relativistic equations of motion. The 
famous formula E = mc? is a consequence of this change to relativistic equations 
of motion. 


ds’ = dt® - 


s + PROPER TIME 


Fic. 3. Particle: World-line. 


At this point, those in the audience who have never studied relativity theory 
should still have scruples, and I am sure they do. The argument about the mov- 
ing observer catching up to one light pulse and running away from the other, 
with its conclusion that light cannot propagate isotropically for a moving ob- 
server, seems one of pure logic rather than physics. It is difficult to see how the 
formal scheme that I have presented avoids the difficulty. It was Einstein’s 
great achievement to recognize that what is required here is to change our con- 
cepts about the physical behavior of time. In contrast to the situation in classi- 
cal physics, we have to give up the notion of the absolute simultaneity of distant 
events, that is, that it has meaning independently of the observer to state that 
two events far apart in space happen at the same time. Also we have to give up 
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the notion that time is integrable; this, of course, is exactly the clock or the 
twin effect. 

The expression for ds? that was used to characterize the Lorentz transforma- 
tions has important physical and geometrical significance. In order to facilitate 
the discussion of this we shall reduce the number of dimensions of space from 
three to one by limiting ourselves to one-dimensional motions along the x-axis. 
Then ds? =dt? —dx?. 

Figure 3 shows a space-time representation of the motion of a particle. In 
such an xt-plane the motion of the particle is described graphically by a curve 
which we call the world-line of the particle. Here, and throughout our discussion, 
we shall limit ourselves to world-lines of slope greater than or equal to 1, cor- 
responding to particle velocities less than or equal to the speed of light. Such 


MINKOWSKI 2- SPACE EUCLIDEAN 2- SPACE 
ds* = dt® - dx* ds* = dy* + dx? 


LINEAR TRANSFORMATIONS: 
LORENTZ TRANSFORMATIONS ROTATIONS 


PROJECTIVE PROPERTIES: 
POINTS, STRAIGHT LINES, INCIDENCE 


(CONICS, TANGENCY) 
USUAL PICTURES 
AFFINE PROPERTIES: 


PARALLEL LINES 


(HYPERBOLA, PARABOLA, ELLIPSE; 
MID~- POINT). 


METRIC PROPERTIES : 
NEW PICTURES LENGTHS, ANGLES 
(CIRCLES, PERPENDICULARS, CONGRUENCE) 


Fic. 4. Structure of geometry. 


world-lines are called time-like, because the f-axis itself is of this type and is, 
in fact, the world-line of a particle at rest. Physically, the quantity s, equal to the 
integral of ds taken between two points A and B on the world-line of the parti- 
cle, is the time interval between those two events as measured by the particle 
itself, by a clock carried by the particle and moving with it. This time interval s 
measured by physical clocks is called the proper time of the particle between the 
events A and B. 

The geometrical significance of ds is illustrated in Figure 4. In space-time 
ds? = dt? —dx*. We shall compare this to the expression ds? =dy?+dx*, which 
measures the element of arc length ds in ordinary Euclidean two-space, where 


= 


8 THE CLOCK PARADOX IN RELATIVITY THECRY [January 


x and y are rectangular Cartesian coordinates in the plane. The similarity of 
the two formulae suggests that space-time has many properties analogous to the 
ordinary plane, that ds* = dt? —dx* can be regarded as measuring the element of 
arc length ds in a new space, Minkowski two-space. 

In order to discuss this, let us outline briefly the basic concepts of plane 
geometry. In geometry there are points and straight lines and properties of in- 
cidence, the fact that a point lies on a line or that a line goes through a point. 
As long as we restrict ourselves to these properties alone, we have projective 
geometry. An example of an axiom of projective geometry is that two points 
determine a unique line which is incident with the two points. It might appear 
that projective geometry, which uses only the primitive notions of points, 
straight lines, and incidence, would be a very feeble geometry with few interest- 
ing theorems. This is not so. Projective geometry is a very rich geometry. For 
example, the fact that a curve is a conic or that a line is tangent to a conic, is a 
purely projective property. However, in projective geometry we cannot dis- 
tinguish different types of conics. If we go one step further and introduce the 
concept of parallelism, that two lines are parallel, then we have affine geometry. 
In affine geometry we can distinguish between the hyperbola, the parabola and 
the ellipse. We can define the mid-point of a straight line interval by the prop- 
erty that the diagonals of a parallelogram bisect one another. In fact, we can 
compare all lengths in parallel directions. Finally, if we introduce the concepts 
of distance and angle we have metric geometry. In metric geometry we can dis- 
tinguish a circle from a noncircular conic, we can compare lengths in different 
directions, we can decide whether lines are perpendicular or not; in fact, we have 
the general notions of congruence. 

As far as projective and affine concepts are concerned, Minkowski geometry 
and Euclidean geometry are identical. This means that in Minkowski geometry 
we can trust our Euclidean intuition, as it has been developed by our high 
school education; or another way of putting it, straight lines in space-time will 
look like straight lines, parallel lines will look like parallel lines, the mid-point 
of a straight line interval will look like the mid-point. It is not difficult to see 
why this is so. The Lorentz transformations which leave invariant the Minkow- 
ski element of arc ds?=dt?—dx? and the rotations which leave invariant the 
Euclidean element of arc ds? =dy?+dx? are all linear transformations. Now an 
arbitrary linear transformation preserves projective and affine properties; a 
point goes into a point, a straight line into a straight line, incidence is clearly 
preserved, and parallel lines go into parallel lines. However, metric properties 
are not preserved by an arbitrary linear transformation. Here the difference in 
sign between the Minkowski and Euclidean elements of arc becomes important. 
When it comes to metrical concepts, our Euclidean intuition is no longer valid in 
space-time—it cannot be trusted. Here we have to re-educate our intuition and 
learn to think in terms of new pictures. Thus, equal lengths in Minkowski 
geometry will not look equal, right angles will not look like right angles. For 
example, any straight line interval along the line x=¢ has zero length and the 
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line x = is perpendicular to itself. 

This then is a rough outline of the scheme of the special theory of relativity. 

We are now prepared to discuss the clock or the twin effect in relativity 
theory. Figure 5 shows the world-lines of our two twins. Twin 1, who remained 
on earth, which we regard as being at rest in an inertial frame, has a straight 
world-line, whereas twin 2, who travelled to Alpha Centauri and returned, has 
the other world-line shown. In Euclidean geometry, two curves which join the 
same points A and B will in general not have the same length. Length in the 
Euclidean plane is nonintegrable. If one of the two curves happens to be a 
straight line, then we know that it is the shorter. The straight line is always 
shortest in Euclidean two-space; one side of a triangle is always smaller than 
the sum of the other two sides. In space-time, in Minkowski two-space, the 
situation is analogous. The lengths of the two world-lines between the events 
A and B will in general be different. Time is nonintegrable. The two twins will 
in general not have the same age when they are reunited at B. However, in 
Minkowski geometry the straight line is always the longest. Twin 1 will be older 
than twin 2 when they meet again. 


‘ fas | at 


T T 1 


(ev?) 
s 
2 
? 


AT B: 


TWIN | IS OLDER THAN TWIN 2. 


Fic. 5. The twin effect in special relativity. 


This is not difficult to see. Let us choose a frame of reference in which twin 1 
is at rest or, equivalently, a coordinate system in Minkowski two-space such 
that the ¢t-axis falls along the line AB; and let us consider the integral for s in 
which the integrand is (1 —(dx/dt)*)/*. Along the world-line of twin 1 the inte- 
grand is one, whereas along the world-line of twin 2 the integrand is less than 
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2 
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one throughout. Therefore, the first integral is larger than the second. The first 
twin is older than the second twin when the two meet again; s; is greater than 5». 
[In Euclidean geometry, the integrand in the formula for the arc length is 
(1+(dx/dy)?)/?, the integration being with respect to y. This is why in Euclid- 
ean geometry the integrand for a curved line joining two points along the y- 
axis is throughout greater than one, and there it is the curved line which is longer 
than the straight line. ] 

Let us now consider a question which is often asked. Each of our two twins 
sees the other one first receding and then approaching. May one therefore con- 
clude that the physical situation has perfect symmetry between the two twins 
and that one of them cannot be younger than the other when they meet again? 
The answer is “no.” There is no symmetry between twin 1 and twin 2. Physi- 
cally, twin 1 is throughout at rest in an inertial frame. Twin 1 never accelerates. 
Twin 2 changes inertial frames at the event C, at Alpha Centauri; twin 2 has 
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\ 
\\ 


Fic. 6. Lorentz transformation. 


to accelerate there. He is the one who has to use his rocket motors. In fact, if 
the acceleration is too high, he is the one who is going to be dead when the two 
twins meet again. Geometrically, the world-line of the first twin is a straight 
line, the world-line of the second twin is not—it has a corner at C. 

Let us consider a situation which does have perfect symmetry between the 
two twins. Each of the two twins is now assumed at rest in an inertial frame. 
Twin 1 remains on earth, twin 2 shoots off in his rocket but keeps going. In this 
case the world-lines of the two twins are two straight lines. Now, two straight 
lines have the important property that they can intersect in one point but in 


| 
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no other. The two twins can be together once, at birth, and there can compare 
their ages directly. But they can never do so again in the future. Thus, the 
whole problem as to which twin is younger and which twin is older disappears 
completely. While the two twins are flying apart it is a physically meaningless 
statement to say that one is younger or older than the other. For example, if 
twin 2, after reaching Alpha Centauri, decides that he prefers to be back on 
earth, reverses his motion and returns to earth, then twin 2 will be younger 
than twin 1 when they meet again. On the other hand, if twin 2 upon reaching 
Alpha Centauri decides that he likes travelling and keeps going, whereas twin 1 
on earth finds after a while that he misses his brother, gets into a rocket ship 
that is even faster than his brother’s and rushes off to catch up to twin 2, then 
when the two twins meet way out in space, twin 1 will be the younger one. 


WORLD-LINE OF CLOCK AT REST IN xt- FRAME 


t 

WORLD-LINE OF 

MOVING CLOCK: x £0 
E 

of. (I-v?)? 

D 
fe) x 


Fic. 7. Slowing down of moving clocks; Lorentz time dilatation. 


This, then, is the complete story of the clock or the twin effect in the special 
theory of relativity. What remains is to clear up the paradox in connection with 
the Lorentz transformation argument. 

Figure 6 illustrates the Lorentz transformations. They are simply the linear 
transformations that take one from a rectangular coordinate system xt to 
another rectangular coordinate system x’t’. In the figure, x’ and ?¢’ are per- 
pendicular to one another, and so are x” and t’’. The heavy black dots shown on 
the axes are all at the same unit distance from the origin. The lines On and On’ 
which are shown are each of zero length and each is perpendicular to itself. 
They are called mull lines and they are the world-lines of light pulses travelling 
to the right and to the left, respectively. The Lorentz transformations of Min- 
kowski space are the analogues of the rotations in Euclidean space. These are 
shown on the right. Note the similarity of the Lorentz transformation formulae 
to the formulae for rotations. Apart from the trivial change of name from ¢ to y, 
the only difference is that of a few signs. 

Consider now a clock, moving relative to the xt-frame, which is at rest at the 
origin of the x’t’-frame so that its world-line has the equation x’ =0. Then the 
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Lorentz transformation formula for ¢ takes on the simple form t=?’ /(1—v)*/*, 
This is illustrated in Figure 7. It is this formula which gives the slowing down 
of moving clocks by a factor (1 —v?)"/?. We shall call it the Lorentz time dilatation. 
More precisely, the Lorentz time dilatation is this: Consider two clocks, one 
at rest in the xt-frame, with the ¢-axis as its world-line, the other moving with 
the #’-axis as its world-line. Events along the world-lines of the two clocks are 
brought into correspondence by using the relation of simultaneity with respect 
to the xt-frame, that is, by drawing lines parallel to the x-axis for which ¢ 
=constant. D and D’ are such a pair of corresponding events and so are E and 
E’. Then the length DE, which is a time interval measured by the rest clock, is 
greater by the Lorentz time dilatation factor 1/(1—v*)'/? than the length D’E’, 
which is a time interval measured by the moving clock. 


s 
> %& 
2\2 
: (l-v*) 


Fic. 8. Lorentz time dilatation argument; point of view of twin 1. 


It is important to stress that the Lorentz time dilatation is not obtained from 
direct physical observation. It is really quite artificial and is based on a com- 
bination of physical observation and of mathematical calculation. An observer 
at rest in the xt-frame will at the event D be unaware of the event D’ inthe 
history of the moving clock. It is only later, at D, that a light signal from D’ 
reaches the observer at rest, and that he first sees the event D’ of the moving 
clock. The observer must then sit down with pencil and paper, and make a 
mathematical calculation to correct for the time that light has taken to reach 
him, before he can identify the event D in his history with the event D’ in the 
history of the moving clock. 
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Figure 8 illustrates the Lorentz time dilatation argument for the twin effect 
as given by twin 1. He uses simultaneity with respect to his xt-frame, lines 
parallel to the x-axis, to bring events into correspondence such as D with D’ 
and E with E£’. He then finds that when he and his brother are reunited, his age 
5; is related to the age s2 of his brother by the Lorentz time dilatation formula, 
$1 =5S2/1—v?)"?, Thus s; is greater than se, and the first twin is older than the 


second when they meet again. This, of course, is the same result that we ob- 
tained previously. 


Fic. 9. Lorentz time dilatation argument; point of view of twin 2. 


Figure 9 illustrates the Lorentz time dilatation argument as given by twin 2. 
On the first leg of the second twin’s journey, from earth to Alpha Centauri, he 
can consider himself at rest in an inertial frame x’t’. Twin 2 can use simultaneity 
relative to his frame, lines parallel to the x’-axis, to bring into correspondence 
events such as D’ with D, and finally C with F. It is true that the length AC=}4s, 
is greater than the length AF=s{ by the Lorentz time dilatation factor. On the 
second leg of the second twin’s journey, from Alpha Centauri back to earth, 
twin 2 can again consider himself at rest in an inertial frame, the x’’t’’-frame. 
Again, he can use simultaneity, lines parallel to the x’’-axis, to bring events into 
correspondence, such as C with G and E’ with E. Again, the length CB =s,—}s2 
is greater than the length GB=s,—s{’ by the Lorentz time dilatation factor. 
However, from the two inequalities twin 2 cannot conclude that sz is greater 
than s;, that twin 2 is older than twin 1 when they meet again. This is because 
in the second twin’s argument all the events from F to G in the history of the 
first twin have been left out. 
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Does this mean that at the event C twin 2 sees his brother suddenly and 
instantaneously changing from the age s/ at F to the age s/’ at G? The answer 
is “no.” There is no physical effect that corresponds to a discontinuous jump 
in time in either twin’s life. What has happened is simply this: At the event C, 
twin 2 suddenly and discontinuously changed his method of mathematical cal- 
culation, his method of correcting for the time that light takes to reach him. 
The only discontinuity is that he exchanged one method of calculation for 
another. Twin 2 physically sees all the events from F to G in the life of twin 1. 
His first method of calculation makes those events correspond to events in his 
own life which happen later than C. His second method of calculation makes 
those events correpond to events in his own life which happened before C. By 
suddenly changing his mathematics twin 2 misses the events from F to G—but 
he misses them only on paper. . 

This disposes of the fallacious Lorentz transformation argument and of the 
paradox. It is perhaps worth mentioning in passing that there is a simple 
Lorentz transformation argument which is correct: Twin 1 says that his brother 
travels with practically the speed of light for a distance of 4 light years and 
back; hence the journey takes 2X4=8 years by the first twin’s clock. Twin 2 
also says that he travels with practically the speed of light relative to the earth; 
but for twin 2 the distance from earth to Alpha Centauri has undergone a 
Lorentz contraction; the distance has shrunk to 3 of a light year; hence the 
round trip takes 2X}=1 year by the second twin’s clock. 

It is instructive to discuss what each twin actually sees by direct physical 
observation, by looking at his brother through a telescope. Figure 10, in the dia- 
gram on the right, illustrates what twin 1 observes. At the event D he observes 
twin 2 at the event D’, the two points D and D’ being related by the world-line 
of a light pulse moving to the left from twin 2 to twin 1. The correspondence of 
events D to D’, E to E’, C to C has immediate observational reality and is 
physically meaningful. From the event A to the event C, twin 1 sees his brother 
recede. He sees his brother’s clocks go slow, he sees his brother ageing more 
slowly. However, the time dilatation factor is not given by the artificial Lorentz 
time dilatation but is instead [(1+v)/(1—v)]/?. This formula is that of the 
relativistic Doppler shift, and we say that twin 1 observes a red shift in twin 2. 
This is because if twin 2 emits any spectral lines, then twin 1 will see these lines 
shifted towards the red. From the event C to the event B, twin 1 sees his brother 
approaching. The clocks of the second twin seem to be going fast, twin 2 is 
seen to be ageing more rapidly; we say that twin 1 observes a violet shift. The 
time dilatation factor is the reciprocal of the previous one. It is [(1 —v)/(1+2) ]¥/*. 
As seen by twin 2, in the diagram on the right, twin 1 is observed to be receding 
between the events A and C. The clocks of twin 1 seem to be going slow, twin 1 
seems to be ageing more slowly; we say that twin 2 observes a red shift. Be- 
tween the event C and the event B, twin 2 observes his brother approaching. 
The clocks of twin 1 are observed to go fast, twin 1 is observed to be ageing more 
rapidly; we say that twin 2 is observing a violet shift. The Doppler shift for- 
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mulae corresponding to these arguments are shown beneath the diagrams. By 
eliminating 5,, the age of the first twin at the event C, or by eliminating rs 
the age of twin 1 at the event C, we obtain in either case the old result that 
51 =52/(1—v*)"/?, that s; is greater than se, that twin 1 is older than twin 2 when 
the two twins meet at B. We see then that neither twin sees his brother ageing 
abruptly and discontinuously. Each twin only sees a jump in the rate of ageing, 
a transition from a red shift to a violet shift. 


DIRECT PHYSICAL OBSERVATION 


By Twin 2 
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Fic. 10. Doppler shift argument. 


The discontinuity in the rates at which clocks go is due to the fact that we 
have simplified our problem and put in a sharp corner at C; that is, we have as- 
sumed that twin 2 suffers an infinite acceleration there. Even the discontinuity 
in rates can be avoided by rounding out all corners of the space-time diagram. 
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This is shown below in Figure 11. At A twin 2 gradually accelerates to his 
final velocity, at C he gradually decelerates to rest and then accelerates until 
his velocity is reversed and, finally, at B he gradually decelerates to rest. This 
rounding out of corners can be done so smoothly that there is no discontinuity 
left at all. In direct observation each twin first sees his brother ageing at the 
same rate, then sees the rate gradually slowing down as a red shift develops, 
at a later time sees this red shift gradually changing to a violet shift, and 
finally near the end of the journey sees the violet shift gradually disappearing 
until the two brothers again age at the same rate. Of course, at B when the 
brothers are reunited their ages will still be different. 


UNIFORM (2) 
VELOCITY 


A A 
Fic. 11. Finite accelerations. Longer trip. 


We shall now ask some simple and common questions and answer them. 

First, is it reasonable to say that it is during his acceleration at C that twin 2 
suddenly loses time or age, and that this loss at C causes the final age difference 
at B? The answer is “no.” It is just as unreasonable to blame the acceleration at 
C for the total age difference of the twins as it would be, in the case of a triangle 
ACB in the ordinary Euclidean plane, to say that the larger length of the path 
ACB, as compared to the straight path AB, is caused by a sudden gain of length 
at the corner C. 


The other question is this. During the periods of acceleration of twin 2, is it 
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possible that a new and unknown physical process influences the clocks and the 
ageing mechanism of twin 2 in such a way as always to compensate for the 
relativistic effect of age difference, so that the twin effect disappears? Again, 
the answer is “no.” The total amount of the age difference is proportional to the 
overall size of the space-time diagram of the twins’ world-lines. By enlarging 
the figure to AC*B*, as shown in the diagram on the left, we leave the ac- 
celerations unchanged but increase the total amount of the age difference. Thus, 
even if we assumed that an unknown physical effect during acceleration can 
compensate for a time difference of seven years in the trip of twin 2 to Alpha 
Centauri and back, then the same acclerations cannot compensate for an age 
difference of millions of years if twin 2 instead took a trip all the way out toa 
neighboring galaxy and back. 

This brings us to the last topic of our talk. We have seen that any physical 
effect of acceleration on clocks cannot change the basic fact of the existence of 
the twin effect in the special theory of relativity. However, it is still legitimate 
to ask how physical clocks behave during acceleration. Do ordinary clocks 
actually measure the integral of ds during accelerated motion? In the limit of 
small accelerations, say for accelerations of the general order of magnitude of 
one g, we know from experience that physical clocks behave as idealized clocks 
do in theory, and that according to relativity theory they measure the integral 
of ds. This need not be the case when accelerations become large. If we take two 
clocks which have different mechanisms but which under ordinary terrestrial 
conditions measure the same time, then if those two clocks are both put in the 
same rocket ship there is no reason why we should expect them to continue 
measuring the same time when the rocket ship undergoes large accelerations. 
Clearly the forces which constrain the clocks to follow the accelerated motion 
may have different effects on the two different mechanisms. Here, as often in 
science, it is worth while to turn the question upside-down. Instead of asking 
whether usual clocks measure the integral of ds during large accelerations, let 
us rather ask how we have to construct clocks, how we have to design the physical 
measurement of time, in order to obtain the proper time fds. 

Figure 12 illustrates a possible method for achieving this. The method is 
valid within the frameworks of both the special and the general theories of rela- 
tivity. We consider the universe filled with a dilute free clock gas. By “clock gas” 
we mean that for any event and for any velocity there is a clock of the gas near 
the given event which moves with nearly the given velocity. By the word “free” 
we mean that each of the clocks is in free fall, that its world-line is a straight 
line in special relativity or a geodesic in general relativity. By the word “dilute” 
we mean that the clocks are spaced sufficiently far apart so that they do not 
influence one another’s behavior, that, for example, their mutual gravitational 
attraction is negligible. We assume that all the clocks in the gas have identical 
construction, although the precise mechanism is not important. However, we 
do not assume that the clocks are synchronized, since in relativity theory the 
concept of absolute simultaneity of distant events is not valid. An observer in 
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general accelerated motion would use the dilute free clock gas as follows: During 
any small interval in the history of the observer, he uses that free clock of the 
gas which is tangent to his world-line to measure the small proper time interval 
elapsed. Note that the observer only uses a small time difference in the reading 
of the free clock, so that the absolute time shown by the clock is unimportant. 
The observer finally adds together all the small time intervals, each one read 
by a different free clock, and it is this sum (more precisely the limit of such a 


sum, an integral) which he calls the total proper time elapsed between any two 
events in his history. 


Clock 5: 4t, 
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fds = Lim rat, 4 
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Fic. 12. Dilute free clock gas. 


We can say the same thing in a more dramatic fashion. The observer is in a 
rocket ship undergoing highly accelerated motion. As he looks out the window he 
sees one of the clocks of the gas sitting outside the window, at rest with respect 
to the rocket ship. He uses that clock to measure the passing of proper time. 
After a while, as the rocket ship accelerates, this clock drifts away and a new 
clock comes to rest outside the window. The observer in the rocket ship then 


switches to this new clock to measure elapsed proper time. He continues in this 
manner. 
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DIAGONAL ELEMENTS OF ORTHOGONAL MATRICES 
L. MIRSKY, University of Sheffield, England 


1. All numbers mentioned below are assumed to be real; and N(x, - + + , Xn) 
will denote the number of negative numbers among %, - - - , Xn. By a point we 
shall mean an n-dimensional vector. An orthogonal matrix will be called proper 
or improper according as its determinant is +1 or —1. All matrices will be 
understood to be of type "Xn. 

The following interesting result was established by A. Horn ([1] Theorem 8). 


THEOREM 1. The numbers d,,- ++, d, are the diagonal elements of a proper 
orthogonal matrix if and only if (di, - ++, dn) lies in the convex envelope of those 
points of the form (+1,--+, +1) which have an even number of negative co- 
ordinates. 


The object of the present note is to derive from this result an effective cri- 
terion for deciding whether m given numbers can be the diagonal elements of a 
proper orthogonal matrix. We shall, in fact, establish 


THEOREM 2. Necessary and sufficient conditions for the numbers d,,-++, dn 
to be the diagonal elements of a proper orthogonal matrix are 
(1) |d;| <1 (j= 1,--+,m) 
and 
(2) |a&| min | d,|, 

k=l 

where d is defined as 1 or 0 according as N(d,, - - + , dy) is even or odd. 

Horn ([1] Theorem 9) obtained Theorem 2 for the case when the d’s are 
nonnegative, and therefore for the case when N(d, - - - , d,) is even; further- 


more, the necessity of conditions (1) and (2) for all cases is implicit in his argu- 


ment ({1] p. 627). However, the proof we shall give here depends on different 
ideas. 


We note two consequences of Theorem 2. 


CoroLiary 1. Necessary and sufficient conditions for the numbers d,, +--+, da 
to be the diagonal elements of an improper orthogonal matrix are (1) and 


|a&| min |d;|, 
k=l 1Sjsn 
where d is defined as in Theorem 2. 

CorROLLARY 2. NV ecessary and sufficient conditions for the numbers d\,+ ++ ,d» 


to be the diagonal elements of a proper orthogonal matrix and also of an improper 
orthogonal matrix are (1) and | sn-2. 
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It is clear that Corollary 2 follows at once from Theorem 2 and Corollary 1, 
while Corollary 1 follows from Theorem 2 by virtue of the fact that di, ---,d, 
are the diagonal elements of an improper orthogonal matrix if and only if 
—d,--+-+, —d, are the diagonal elements of a proper orthogonal matrix. 


I wish to express my thanks to the referee for his useful comments. 
2. We shall need some preliminary results. 
Lemma 1. For any given numbers x1, +--+ - , X, we have: 
(i) max > = | xe | 
k=l k=l 


where the maximum is taken with respect to all sets of numbers 6, - - - , 5, such that 


= + 1, N(bi, , = N(x, Xn) (mod 2); 
(ii) max = || —2 min |x;|, 
k=l k=1 


where the maximum is taken with respect to all sets of numbers 4;,- ++, 5, such 
that 


(3) +1, N(bi, +++ , N(x, ++, Xn) (mod 2). 
In the first place, we have trivially 
Lan ||. 
k=l k=l 
Also, taking 6, as +1 or —1 according as x,20 or x, <0, we obtain 
deme = | 
k=1 k=l 
This proves (i). Next, write minigjcn | x;| = | x.| . If - - , 6, satisfy (3), then 
5x;30 for some 7. Hence 


k=l k=l k=l 


Again, take 6, as +1 or —1 according as x,<0 or x,20 and, for ks, take & 
as +1 or —1 according as x, 20 or x,<0. Then (3) is satisfied, and we have 


k=l 


k=1 


Hence (ii) is proved. 
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LemMa 2. Let P=(x1, - , Xn) and Py=(xm, , Xn), R=1, +--+, m,be any 
points. Then P lies in the convex envelope of P:,---, Pm if and only if, for any 
numbers a1, +++ ,@, and some suffix k (which may depend on the a’s), we have 


This result expresses the, intuitively obvious, fact that P lies in the convex 
envelope of P;, - - - , P, if and only if no hyperplane can separate P from all the 


points P;,---, Pm. For further details of this standard result, we refer to 
((2] pp. 23-24). 


As an immediate consequence of Theorem 1 and Lemma 2, we have 


LemMA 3. The numbers d,---, d, are the diagonal elements of a proper 


orthogonal matrix if and only if, for any numbers di, + + + , Gn, We Can find numbers 
€1, °° *, €, such that 
(4) 4,°*'',@= +1, +++, = 0 (mod 2) 
and 
(5) adi S D> aver. 
k=1 


3. We now come to the proof of Theorem 2. Assume, in the first place, that 


d,,---,d, are the diagonal elements of a proper orthogonal matrix. Then (1) 
is obviously satisfied. Take any numbers a, - - - , @, such that 
(6) @,°*+,@,= +1, N(ai, an) = 1 (mod 2). 


Then, for suitable e’s satisfying (4), the relation (5) is valid. But a,e, = —1 for 
at least one value of k. Therefore p> * a,.d;, n—2, and so 


(7) max >, ad, Sn — 2, 
k=l 

where the maximum is taken with respect to all sets of numbers ai, - ++, Gy 
satisfying (6). By Lemma 1, this maximum is equal to }-7_, | d| if N(di, - + + , dn) 
is odd and to —2 |d,| if N(di, - - - , dn) is even. Hence, in 
view of (7), (2) is satisfied. This proves the necessity of (1) and (2). 

Next, assume that (1) and (2) are given. Let a, -- +, a, be any numbers. 
By (1), we clearly have 


(8) ad SD | al. 
kel 
Now suppose that N(a, - - - ,@,) isodd and N(d, - - - ,d,) even. Then ad;S0 


for some i; and therefore 


(9) ade | | de| — 2r| | 
k=1 


k=l 


n 
n n 
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This inequality obviously also holds when N(q, - + -,@n) and N(di,---, dn) 
are both odd. Writing 

min |a;| = |a,|, min |d;| = | d,| 

1sjsn sis 
and using (9), (1), and (2), we infer that, whenever N(a, - - - , dn) is odd, 


k=1 


k=1 


IIA 


k=1 


k=1 


k=1 


k=l 


k=1 
Thus, in view of (8), we have for any values of ai, +--+ , Gn: 
a, | when WN(a1, an) is even, 
k=1 


(10) ad 


> | — 2] a) when N(a,---, ay) is odd. 

k=1 

But, by Lemma 1, it is possible to choose numbers &, - - - , €n, subject to the 
conditions (4), such that the right-hand side in (10) is equal to }-?_, ave. 
Thus, given any numbers qi, - - - , da, it is possible to satisfy (4) and (5) simul- 
taneously; and it follows by Lemma 3 that d;, - - - , d, are the diagonal elements 
of a proper orthogonal matrix. 
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NEAR-RINGS 
GERALD BERMAN anp ROBERT J. SILVERMAN, Illinois Institute of Technology 


1. Introduction. The ring structure of the endomorphisms of a commutative 
group is well known. Most of the ring properties do not hold for the endo- 
morphisms of a noncommutative group. Closure with respect to the additive 
operation fails. Even in the closed system generated additively by the endo- 
morphisms, commutativity of addition and the right distributive law do not 
hold, nor are there necessarily additive inverses. However, the system generated 
additively by the endomorphisms and anti-endomorphisms of a group form a 
group with respect to addition, a semigroup with respect to operator multipli- 
cation, and multiplication is left distributive with respect to addition. This 
system is an example of a near-ring. 

A near-ring is an ordered triple $=(P, +, -), where P is a nonempty set, 
and +, - are binary compositions on P (called addition and multiplication) such 
that (i) (P, +) is a group, (ii) (P, -) is a semigroup, and (iii) multiplication is. 
left distributive with respect to addition. A ring is of course a near-ring. The 
set of all transformations from a group to itself relative to point-wise addition 
and operator multiplication is also a near-ring. Other examples are presented in 
Section 2. 

A near-field, a near-ring in which every nonzero element has a multiplicative 
inverse, is an example which is useful in the study of certain non-Desarguesian 
planes [7, 9]. Near-rings appear to have application to the study of nonlinear 
operators, since the collection of all operators on a vector space forms a near- 
ring, and also appear to have application in characterizing endomorphisms of a 
group. Dickson [6] was the first to study finite near-fields. Zassenhaus [13] 
determined all finite near-fields while Kalscheuer [8] classified all near-fields 
over the reals. Neumann [10] considered near-fields connected with free groups. 
Blackett [2] considered a class of simple and semisimple near-rings, and Deskins 
[5] considered near-ring radicals. Other papers are also listed in the bibliog- 
raphy. 

This paper discusses some of the elementary properties of near-rings. The 
notation and definitions are chosen so that ring theory is a special case. In 
Section 2 examples of near-rings are given which are used to illustrate the theory. 
The arithmetic of near-rings is discussed in Section 3. Certain special classes of 
near-rings pertinent to the development of the theory are presented in Section 
4. In Section 5 it is shown that any near-ring is decomposable into a direct sum 
of special sub-near-rings, and the Peirce decomposition for rings is generalized. 
Extensions and embeddings are discussed in Section 6. In particular, the well- 
known connection between integral domains and fields is generalized to near- 
rings. The theory of ideals and homomorphisms is developed in Section 7 and 
the ideals of special classes of near-rings is characterized in Section 8. Section 9 
indicates some problems and extensions of interest. 
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2. Examples. Let G=(G, +) be a group. Let T(G) =(T(G), +, -), where 
T(G) is the set of all transformations on G, and +, - are the binary compositions 
on T(G) defined by g(a+) =ga+g6, g(a-B8) =(ga)B (operator multiplication), 
g€G. T(G) is a near-ring. The identity of (T(G), +) is the transformation ¢ 
which carries every element of G into O. The additive inverse, —a, of @ is ap, 
where p is the anti-isomorphism of © which maps every element of G into its 
inverse. The identity transformation ¢€ is the multiplicative identity of T(G) and 
—€=p. 

Let Tr2(G)=(Te(G), +, -) be the smallest near-ring in &(G) containing 
the endomorphisms of @. All the anti-endomorphisms of © lie in Tz(G) since 
—a=ap is an anti-isomorphism of © if @ is an endomorphism. Every element 
of Tr(G) is a sum of elements a+ - - - +a, where either a; or —a; is an endo- 
morphism, 1=1, - - - , 2. Since the endomorphisms are right distributive, Tr(G) 
has the property that every element is a sum of right or “anti”-right distributive 
elements. 

Let E2(G)=(T2(G), +, -), where g, 
&z(G) is a sub-near-ring of T(G) which has the property that af =¢ for every 
a€T(G), £ETz(G). It is the maximal sub-near-ring of T(G) with this property. 

Let =(Te(G), +, -), where Te(G) = {aET(G)|0a=0}. Tc(G) is a 
sub-near-ring of &(@) with the property that fa=af for all a€T¢(G). It is the 
maximal sub-near-ring of T(G) with this property. 

If G is a topological group, and K(G) CT(G) the continuous transformations, 
then (K(G), +, -) is another sub-near-ring of T(@). 

Other near-rings can be constructed from @. For example, define multipli- 
cation in G by g-h=h, or g-h=0, g, hGG. Then (G, +, -) is a near-ring. 

The analytic functions on the complex plane form a near-ring (with the right 
distributive law instead of the left distributive law when the usual functional 
notation is used) relative to point-wise addition and substitution, and another 
near-ring relative to point-wise multiplication and substitution. 

Other examples of near-rings can be found in [3, 4]. 


3. The arithmetic of near-rings. The arithmetic of near-rings differs from 
the arithmetic of rings since the right distributive law and commutative law of 
addition are missing. For example, the zero of a near-ring may behave multipli- 
catively in a different fashion from the zero of a ring: a@0=0, but Oa need not 
equal 0. Indeed ¢=£ for every §{€Tz(G). All the elements of Tz(G) behave 
multiplicatively on the right like zero (i.e. a&=£, aE T(G), E€Tz(G)). 

Seemingly obvious properties of rings do not hold for near-rings. For exam- 
ple, even if a near-ring contains a multiplicative identity 1, its additive inverse 
—1 need not commute with all the elements. Multiplicative inverses, if they 
exist, may also behave in a bizarre manner. For example, commutative elements 
may have multiplicative inverses which do not commute. A study of the arith- 


metic of near-rings emphasizes the role played by the right distributive law and 
commutative addition in ring theory. 


+ 
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4. Special classes of near-rings. In this section restrictions on near-rings 
are introduced and some of the implications of these restrictions are indicated. 
A definition is needed. A sub-near-ring Q of a near-ring P=(P, +, -) is a sys- 
tem (Q, +, -) such that (Q, +) is a subgroup of (P, +), and (Q, -) is a sub- 
semi-group of (P, -). 

(a) Rings. Of course the most widely-studied near-rings are rings. A ring is 
a near-ring R=(R, +, -) with the two restrictions (i) + is commutative, and 
(ii) the right distributive law holds. It is not sufficient to assume only (ii), as is 
seen by considering (G, +, -) in which (G, +) is a noncommutative group and 
g:h=0, g, hEG. 

If a near-ring § satisfies (ii), and (iii) every element of P is the product of two 
elements, then 8 is a ring. This result, first published by Olga Taussky, is easily 
proved by setting a=a,d2, b=b,b. and considering the two expansions of 
(a:+6:)(b2+a2). It follows that a near-ring with a multiplicative identity and 
satisfying (ii) is a ring. Thus the commutative law of addition for a ring with 
identity is redundant. There are other simple properties which guarantee (i) 
and (ii). For example, a near-ring $ having commutative multiplication and 
satisfying (iii) (e.g. P contains an identity) is a ring. 

(b) C-rings. A C-ring is a near-ring € with the property that 0c =0 for every 
cEC. A study of semi-simple C-rings was made by Blackett [2]. Rings and 
near-fields are C-rings. Other examples are Te(G) and Te(G) of Section 2.A 
near-ring Y is a C-ring if and only if az=2,aCP implies that z=0. For, if Bisa 
C-ring, assume that az=z for every aC P, then 0z=z. But 0z=0, so that z=0. 
On the other hand, if az=z, a€P implies that z=0, consider 0a, aE P. Then 
b(0a) = (00)a =0a, bE P, so that 0a=0.. 

Let $ be a near-ring and Pg = {aE P| 0a =0}. It is immediate that Pc deter- 
mines a sub-near-ring of $ which is a maximal C-ring of P. Other characteriza- 
tions of C-rings will be given in terms of ideals in Section 7. 

(c) Z-rings. A Z-ring is a near-ring 3 with the property that ab =b for every 
a, bEZ. Tz(G) defined in Section 2 is an example of a Z-ring. The following 
statements are immediate. Let G=(G, +) be a group, and - the binary com- 
position on G defined by g-h=h, g, hGG. Then the system (G, +, -) is a Z-ring, 
and conversely every Z-ring is characterized by a group © and this multiplica- 
tion. The system (H, +, -), where § is a sub-group of G, is a Z-ring and a sub- 
near-ring of (G, +, -), and conversely. 

Let be a near-ring and Pz={z€P|az=z, a€P}. The set Pz determines 
a sub-near-ring of $ which is a Z-ring. Further, if © is a sub-near-ring of $ 
which is a Z-ring, then OQCz. For, it is clear that $z is a sub-near-ring of $ 
and a Z-ring. Let Q be a sub-near-ring of $ which is a Z-ring. Then, since 
0€Q, aqg=a(0g) = (a0)g =q, for gEQ, aE P. Hence gE Pz by definition. 

It will be shown in Section 5 that every near-ring is a direct sum of a C-ring 
and a Z-ring. 

(d) R-rings. An element a€P is anti-right distributive if (b+c)a=ca+ba; 
b, cE P. It follows at once that (i) an element a is right distributive if and only 
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if —a is anti-right distributive, (ii) the product abd is right distributive if a, b are 
both right distributive or both anti-right distributive, and (iii) the product ab is 
anti-right distributive if one of a, 6 is right distributive and the other anti- 
right distributive. The arithmetic of right and anti-right distributive elements 
closely approximates the arithmetic in rings. For example, if $ is a C-ring and 
Q the set of right and anti-right distributive elements of P, then for pEP, 
The proof follows from the observation that 
0 or (—p)q+ Pg. 

An element a€P is weakly right distributive if it is a finite sum of right and 
anti-right distributive elements. An R-ring is a near-ring in which every element 
is weakly right distributive. The set of weakly right distributive elements of a near- 
ring % form a sub-near-ring $e. For, the sum and difference of weakly right dis- 
tributive elements is clearly weakly right distributive, and it is easy to check 
that the product is also. 

The smallest near-ring of transformations on a group © containing the endo- 
morphisms of @ is an R-ring (Xz(G) in Section 2). It is universal in the sense 
that every R-ring can be embedded isomorphically into such a weakly right dis- 
tributive near-ring of transformations (see Section 6). 

If addition is commutative in an R-ring it follows trivially that it is a ring. 

(e) M-rings. An M-ring is a near-ring with commutative multiplication. 
Since 0 commutes with every element of an M-ring it follows that an M-ring isa 
C-ring. A condition that an M-ring be a ring was given in (a). 

Let Pu={a€P\ap=pa, pEP} be the center of P. If cE Pu, bEP, then 
b(—c) =(—b)c=—(bc), and the elements of Py are right distributive relative 
to P. (t.e. a1, P-cE Pm). The statement follows from 
the identities b(—c) = — (bc) = —(cb) =c(—b) =(—b)c and =c(a,+a2) 
=¢,+ca,=a,c+a.c. Note that if c& Py, then —c is anti-right distributive 
over P. 

The center of a near-ring may be empty. It does not follow that if Py is 
nonempty that its elements determine a near-ring. For example in T(@), the 
identity € is in the center but the additive zero ¢ is not. Hence a near-ring is not 
determined. However, if 8u=(Pm, +, -) is a sub-near-ring of B, then By is a 
C-ring and the elements of P are right distributive over Py. (i.e. (ait+e)a 
=C0+20; 4, 2€Py,a€P.) Further, if every element of Py can be expressed 
as the product of two elements of Py, then Py isa ring. For, if Py is a near-ring, 
O€Pwy, and hence P is a C-ring. The identity =ac,+ace 
=O0+00; 4, o€Py,a€P shows that P is right distributive over Py. The ring 
property follows from the previous remarks. 

(f) D-rings. A D-ring is a near-ring D such that (i) ab=0; a, bE D implies 
that either a=0 or b=0, and (ii) for every a€D there are nonzero elements 
ai, a-€D such that a,a and aa, are in the multiplicative center Dy. Near-fields 
are D-rings. Integral domains are examples of commutative rings which are D- 
rings, and an example of a noncommutative D-ring is the ring of integral 
quaternions. The D-rings are generalizations of integral domains. It is shown in 
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Section 6 that D-rings can be embedded isomorphically into near-fields. 

The identities (0a)a,=0(aa,) = (aa,)0 =0 imply that 0a =0, so that a D-ring is 
a C-ring. The condition that ab =0 in a D-ring implies a=0 or b=0 may be replaced 
by the left and right cancellation laws, t.e. ab=ac or ba=ca implies b=c if aX¥0. 
Assume ab=ac, then a(b—c)=0 implies b—c=0. If ba=ca, then 
(ba)a,=(ca)a, so that aa,(b—c) =0. But aa,#0 implies b=c. The converse is 
immediate. Just as in field theory, either a D-ring D has characteristic p¥0 
(prime) and contains an isomorphic image of GF(p), or D has characteristic 0 and 
contains an isomorphic image of the ring of integers. In the latter case if D is a 
near-field it contains an isomorphic image of the field of rationals. This statement 
is proved in exactly the same way as the corresponding theorem for fields. In 
case D has finite cardinality the cancellation law implies the unique solution of 
the equations ax =b and ya=b, a0, which in turn implies that a finite D-ring 
is a near-field. 

(g) A-rings. An A-ring is a near-ring with commutative addition. A ring 
is of course an A-ring. The near-ring T(G), where G is a commutative group, is 
an example of an A-ring which is not a ring. However, an A-ring which is an 
R-ring is a ring. It is immediate that a near-ring with a multiplicative identity 
is an A-ring if and only if —1 is in the multiplicative center. 


5. A decomposition theorem. Let B=(P, +, -) be a near-ring. The near- 
ring § is the direct sum 02 @& of the sub-near-rings O and & if every element of 
P can be expressed as a unique sum of elements g+r; g&Q, rER. It isclear 
that, given any two near-rings QO, ®, a near-ring $ can be formed which is the 
direct sum of O and & by defining coordinate-wise addition and multiplication 
on QXR. The near-ring $ has similar properties to the corresponding direct 
sum of two rings. 


An idempotent is an element e€P such that e?=e. The following theorem 
generalizes the Peirce decomposition for rings. 


THEOREM. Let e be an idempotent in P. Then every element pC P has two unique 
decompositions p=ep+(—ep+p) =(p—ep)+ep. Thus $=RGS=SOR, where 
R={ep|pEP} and S={sEPles=0}. 

The system #%=(R, +, -) and S6=(S, +, -) are near-rings. The elements 
p—ep and —ep+p are in S. Suppose p=n+51=72+52. Then 
must be in T=R/\S. But the only element in T is 0, for suppose t€T. Then 
et=0 and t=ep for some pCP, and 0 =et =e(ep) =e*p =ep =t. Thus =r2 and 
5:=5S2. The uniqueness of the other representation is proved in the same way. 
Since z?=z and zpC€Z for z€ Pz, pCP, the following corollary is immediate. 


Coro.iary. Every element z€ Pz is an idempotent and determines the direct 
sum decompositions where Qz= {pEP| zp=0 } 


The special case z=0 is of interest since it shows that every near-ring can 


be expressed as the direct sum of its maximal sub-Z-ring Bz (4c), and its maximal 
sub-C-ring Be (4b). 
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CoROLLARY. Every element pCP has unique decompositions p=p,+h2 
=potpi where pi, pi and prE Pz, i.e. 


6. Extensions and embedding theorems. The well-known theorem on the 
embedding of a ring into the ring of endomorphisms of a commutative group can 
be generalized to near-rings. In fact every near-ring can be embedded isomorphi- 
cally into a near-ring of transformations T(@) on some group G. The elements in 
the isomorphic image can be taken as right multiplication operators on the additive 
group of the near-ring. It follows that every near-ring can be embedded isomor phi- 
cally into a near-ring with identity. These results are proved in [1]. In addition © 
it is shown that an R-ring (C-ring, Z-ring) can be embedded isomorphically into 
the R-ring (C-ring, Z-ring) of transformations Te(G)(Tc(G), Tz(G)) on a group 
@. The elements of the image can again be taken as right multiplication operators. 

The theorem that an integral domain can be embedded in a field is now gen- 
eralized to the embedding of D-rings into near-fields. It can be shown that it is 
a special case of a theorem proved for more general systems by Ore [12]. The 
theorem proved below includes as a special case the embedding of certain non- 
commutative integral domains into division rings. For example, the ring of 
integral quaternions, which is a D-ring, is embedded in the near-field of rational 
quaternions. 


THEOREM. A D-ring is isomorphic to a sub-near-ring of a near-field. 


Lemma. A D-ring D can be embedded isomorphically in a D-ring D’ such that 


the nonzero elements of Du (its multiplicative center) form a group relative to 
multiplication. 


Consider the collection of pairs (c, d)€ Du XD in which ¢#0. This set may 
be partitioned into equivalence classes by defining (¢, d:)~(c2, d.) whenever 
(:d2 = Cod. It is easy to verify that ~ is an equivalence relation. Let [c, d] denote 
the equivalence class containing (c, d), and set D’ = { [c, d], cE Du, cx0, dED}. 
Let +, - be the binary compositions on D’ defined by [a, di:]+[c2, d2]= 
= Codi and [e1, [¢2, de] = did2]. Straightforward calculations 
show that the system D’ =(D’, +, -) is a near-ring. It is a D-ring, for if [c, di] 
- [c2, dz] = [c, 0] (the zero of D’) then cc.0 =cd,de, and either d; or dz is zero. This 
implies that either [c:, di] or [c2, dz] is the zero element of D’. Further [c, d;] and 
[c, d,] have the property that [c, d;]-[c, d] and [c, d]-[c, d,] are in Dy. 

Let » be the mapping from D to D’ defined by du= [c, cd], cE Du. The map- 
ping is clearly well defined and a simple calculation shows that it is an isomor- 
phism. Thus 9’ contains an isomorphic image of D. 

The nonzero elements of Dy are of the form cz], Da, For 
if [c, d]E Dy, then for every [c’, d’]ED’, [c, d]-[c’, d’]=[e’, d’]-[c, d] implies 
cc’d'd =cc'dd’, and d'd=dd’ for every d’E D. Thus dE Dy. The converse is clear. 
Finally, the nonzero elements of Dy form a multiplicative group since [c, a] 
c2] = [crce, the multiplicative identity of D’. 
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The proof of the theorem follows from the observation that D’ is in fact a 
near-field. For, let a=[c, d], d¥0, a: = [did, cd;], a, = [dd,, cd,]. Then a; and a, 
are the left and right multiplicative inverses of a and a,=(aja)a,=a;(aa,) =a}. 

It is easily checked that the right distributive law holds in D’ if it holds in 
D. Hence a D-ring which is a ring is isomorphic to a sub-(near)-ring of a division 
ring. 


7. Ideals and homomorphisms. In this section the concept of near-ring homo- 
morphism is considered. The theory is analogous to the homomorphism theory 
for rings. However, the kernel of a homomorphism need not be a two-sided 
ideal in the usual sense. Neither need a two-sided ideal be the kernel of a near- 
ring homomorphism. Ideals will be defined (as in ring theory) so that the kernel 
of a homomorphism is an ideal and every ideal is the kernel of a homomorphism. 

The left coset a+S, a€&P, modulo a set SCP is the set {a+s|sES}. The 
right coset S+a is defined analogously. A set S, or a near-ring GS, is (left) right 
invariant in if (SaC S)aSCS, a€P. A sub-near-ring NM of is normal if 
(N, +) is a normal sub-group of (P, +). A (left) right ideal §=(I, +, -) of B 
is a (left) right invariant normal sub-near-ring of $8. A two-sided ideal is a right 
ideal which is also a left ideal. A pseudo-right ideal § is a normal sub-near-ring 
of $ such that ia—OaCI for every a@€P, 1€I. A set S is invariant in § if 
(a+s;)(b+52) —abES for every a, bE P and 4, ss€S. An ideal in is an invari- 
ant normal sub-near-ring of $. It should be noted that the normality of an ideal 
implies that the condition (s:+a)(s2+B)—abES, a, bE P, 1, sx€S, is equiva- 
lent to the condition for invariance. 

(1) Every ideal (invariant sub-near-ring) is a left ideal (left invariant sub-near- 
ring) and pseudo-right ideal (pseudo-right invariant sub-near-ring). (ii) Every right 
ideal (right invariant sub-near-ring) is a pseudo-right ideal (pseudo-right 
invariant sub-near-ring). The proof of (i) follows by taking special cases of the 
condition for invariance. Take s;=0, b=0 to show that an ideal is left ideal and 
a=0, s2=0 in the other case. Statement (ii) is trivial. Examples are now pre- 
sented to show that, except for the relationships of this statement, the concepts 
of right invariance, left invariance, invariance and normality are independent. 
The near-ring Q is a sub-near-ring of the near-ring $ having the properties 
stated and no others. The examples are easily verified. 

(i) Right invariant. Let $ be a noncommutative nonnormal subgroup of a 
group @. Let be the sub-near-ring of such that P= {aE T¢(G)| gaEH}. 
Let be the sub-near-ring of such that Q= {BxEP | h'B, =h; h, h’ EH, h' 
08, =0, g8.=0, gE H}. 

(ii) Left invariant. Let $ be a nonnormal subgroup of G. Let $= Tz(@). 
Let be the sub-near-ring of $ such that Q= Tz(G)|hEH } . (te. gin=h; 
hEH, g&G.) 

(iii) Normal. Let $ be a proper nontrivial subgroup of G. Let $ = T(G) and 
© the sub-near-ring of $ such that Q= {ac T(G)| ha=0, hEH }. Another ex- 
ample is any subring of a ring which is neither a left or right ideal. 
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(iv) Left invariant, invariant. Let P=(RXS, ®, ©) where R=(R, 4+, -) is 
a Z-ring and © =(S, +, -) is a near-ring with the multiplication ab =0, contain- 
ing a nonnormal sub-near-ring T, and let @, © be defined by (ri, s:) B(re, se) 
=(ritre, sitse); (71, 51)O(re, s2) =(re2, 0). Let Q be the sub-near-ring of such 
that Q={(0, 

(v) Right invariant, normal. Let 9 be a proper nontrivial subgroup of ©. 
Let $ = Xc(@) and let O be the sub-near-ring of B such that Q= {aE T¢(G)| ha 
=0, hE H}. Another example is a right ideal (which is not an ideal) in a ring. 

(vi) Left invariant, normal. Let § be a proper, nontrivial subgroup of a 
commutative group @. Let $= T(G) and let O be the sub-near-ring of B such 
that Q= hE H}. Another example is a left ideal (which 
is not a right ideal) in a ring. 

(vii) Right invariant, left invariant. Let $ =T(G), G be a noncommutative 
group, and let O = Tz(G). 

(viii) Left invariant, invariant, normal. Let § be a normal subgroup of ©. 
Let $ = and let O be the sub-near-ring of such that Q= {£,EP| gt, =h, 
}. 

(ix) Left invariant, right invariant, invariant. Let $ be a near-ring with the 
multiplication ab =0, whose additive group is noncommutative and contains a 
normal subgroup (Q, +). Let © be the sub-near-ring of determined by Q. 

(x) Right invariant, left invariant, normal. Let © be a commutative group. 
Let $= and Q=Tz(G). 

(xi) Left invariant, right invariant, invariant, normal. Let $ be a near-ring 
with the multiplication a) =0 or an R-ring, and let Q be an ideal in §. 


It was shown in (iv) that an invariant sub-near-ring need not be an ideal. 
However 


THEOREM. If ¥ is a near-ring with identity, then any invariant sub-near-ring 
is an ideal. 


The proof follows from the observation that (a+7)(1+0)-a=a+i-—aElI 
for aE P, i€I. Relative to the definitions given, the homomorphism and ideal 
theory for rings carries over completely to near-rings. The very basic theorems 
of ring theory are now restated for near-rings. 


THEOREM. The cosets of $ modulo an ideal 3 form a near-ring $—S relative 
to the compositions =(a+04+J), (a+J)-(6+]) =(ab4+J). 


The proof is similar to the corresponding proof for rings. Normality of 
(I, +) replaces commutativity of addition and the invariance of $ is substituted 
for two-sided invariance. The near-ring $ — $ is called the difference near-ring of 
modulo &. 

A homomorphism of a near-ring into a near-ring OQ is a mapping of P into 
Q such that =a8+-50, and (ab)@ = (a6)-(b8). An isomorphism (onto) is an 
(onto) 1-1 homomorphism. The near-ring is isomorphic to Q(PLQ) if there 
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exists an isomorphism from $ onto Q. The kernel of a homomorphism of $ to Q 
is the inverse image of the identity of (Q, +). The following theorems are exam- 
ples of theorems which are true for rings and which carry over to near-rings. 
The proofs, which are essentially the same as in ring theory, are omitted. 

If 3 is an ideal in , the natural map v: av=a+TI, a€P is a homomorphism 
of $ onto B—. The kernel of »v is $. Thus 


THEOREM. Every ideal is the kernel of a homomorphism (natural homomor- 
phism). Conversely, the kernel of a homomorphism is an ideal. 


Let 6 be a homomorphism of the near-ring § into the near-ring O with kernel 
R and image $’, and let & be an ideal of $ contained in R. Then the map 
¢: (a+1)¢ =a8, of onto is a homomorphism. Further =»¢, and 
¢ is an isomorphism if and only if J=K. Thus 


THEOREM. Every homomorphic image of a near-ring is isomorphic to a differ- 
ence near-ring. 


8. Ideals in special classes of near-rings. A few theorems are now presented 
concerning ideals in special classes of near-rings. In the case of Z-rings the lattice 
structure of the ideals is completely determined. 

(a) Ideals in C-rings. A near-ring [3 is a C-ring if and only if every ideal in 
$$ is two-sided. From Section 7, every ideal in § is a left ideal and a pseudo-right 
ideal. In case $ is a C-ring a pseudo-right ideal is clearly a right ideal. Con- 
versely, if every ideal in $ is two-sided, the ideal containing only the element 0 
is two-sided. But then 0a=0 for every a€P. It follows that a near-ring is a 
C-ring if and only if the ideal {0} is two-sided. 

(b) Ideals in R-rings. Every ideal in a R-ring is two-sided and conversely every 
two-sided ideal in a R-ring is an ideal. Since an R-ring is a C-ring, and every ideal 
in a C-ring is two-sided by the previous remarks, the first statement follows. To 
prove the converse, consider a two-sided ideal in Let PEP, iE I, and 
let p be either right distributive or anti-right distributive. Then the normality 
of & insures that (p:+7)p = pip +7’, i’ EI. Now consider any element p2€ P and 
write pp=p'+p? - - - +p" where (i=1, - - - , m) is right distributive or anti- 
right distributive. Then by the above remarks, and using the normality and 
right invariance of I(pi + 1) (pe + 12) = (pi 11) pe + (pi + Pipe 
tap +) +4 
+ (pi + + ts — = (pip! + + (Pip? +) + + 
+is—pipe=pilp'+ +h") where + , is, tf, 12, °° 
are in J. This proves that $ is an ideal. 

(c) Ideals in Z-rings. Let J be a Z-ring and (Q, +) a normal subgroup of 
(P, +). Then Q=(Q, +, -) is an ideal of B. Conversely every ideal of % is char- 
acterized by a normal subgroup of (P, +). The system Q is a sub-near-ring of B 
since © is closed under multiplication. The normality assures that O is an ideal, 
for (pi +g1)(b2+92) — = +92 — pr is in Q for pi, P2EP, g2EQ. Conversely, 
if 3 is an ideal, the group (Q, +) is normal in (P, +). 
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(d) Amnthilators and ideals. Ideals in certain special near-rings may be con- 
structed by various devices. For example, let $ be a near-ring, S a subset of P 
and R(S)={a€P|sa=0, sES}. (i) The system R(S) =(R(S), +, -) is a sub- 
near-ring of $ if O€S or if $ is a C-ring. (ii) If $B is a C-ring, then R(S) is a 
right ideal. (iii) If S is right invariant and R(.S) a sub-near-ring of $B, then M(S) 
is an ideal. If a, bE R(S), then a+b and —aE R(S), and if either OE S or $ isa 
C-ring then ab€ R(S). This is easily checked. Statement (ii) follows from the 
observation that s(ap) ={sa)p =0p =0, and s(—p+a+p) = —sp+0+sp=0, for 
pEP, sES, aE R(S). The proof of (iii) follows in a similar manner from a simple 
calculation. 

The ideals constructed with annihilators can be generalized. Let $ be a 
near-ring and S, M subsets of P. Let R(S, M)= {aE P| sac M, sES}. (i) If 
(M, +) is a sub-group of (P, +) such that MCS or M is right invariant, then 
the system R(S, Mt) =(R(S, M), +, -) is a sub-near-ring of $B. (ii) Let MCS 
and (M, +) be a subgroup of (P, +). Then (a) if (M, +) is normal in (P, +), 
R(S, M) is normal in §, (b) if M is right invariant, R(.S, M) is right invariant, 
(c) if S is right invariant, #R(S, M) is left invariant, (d) if S is right invariant 
and (M, +) is normal in (P, +), 93t(S, M) is a left ideal, and (e) if (M, +) is 
right invariant and normal in (P, +), R(S, M) is a right ideal. (iii) Let $ be 
an R-ring, (S, +) a subgroup of (P, +) right invariant in P, and (M, +), 
MCS a normal subgroup of (P, +) right invariant in 8. Then R(S, M) is an 
ideal. In (i) it is easy to check that (R(S, M), +) isa group if (M, +) is a group. 
The condition that MCS or is right invariant assures that the multiplication is 
closed. Thus (i) is proved. Suppose that (M, +) is normal in (P, +). Then 
smEM and s(p+a—p)=sp+sa—spEM for pEP, aE R(S, M). This 
implies that (R(S, M), +) is normal. The right invariance of M implies that 
s(ap) =(sa)pE M, while the right invariance of S implies that s(pa) =(sp)aG@ M 
for sES, pEP, aE R(S, M). Statements (d) and (e) follow. To prove (iii), let 
sES, ti, PoE P, ai, R(S, M). Let po=p'+ -- - +p" where p‘ (¢=1, - - -, m) 
is right or anti-right distributive. Then sa;=m,CM, Sede 
=m2,€ M, so that, using the normality of (M, +) and the properties of the 
p*: s((pi + a1)(p2 + G2) — pipe) = (spi + Sai)p2 + (shi + Sai)d2 — Spipe 
= (shi + m)(p' + - + + Sede — = (spi + m)p' + + m)p? 
+ (shi + + mz — spip2 = spi(p' + p") + ms — 
= where m3, M. The normality of #(S, M) follows trom (iia). It should 
be noted that the condition that $ be an R-ring can be weakened to the condi- 
tion that P be weakly right distributive over S. 


9. Problems and extensions. This section presents a few problems involving 
near-rings. 


Blackett [2], and Deskins [5], have considered the problem of semi-simplic- 
ity and the radical for certain classes of near-rings. An acceptable definition for 
the radical of a general near-ring is still needed. The characterization of ideals, 
left ideals, etc. in special classes of near-rings also presents a problem. For exam- 
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ple, what is the class of near-rings characterized by the property that every two- 
sided ideal is an ideal, and conversely? Rings, R-rings and simple C-rings lie in 
this class. 

It*has been shown [1] that the transformation near-rings T(G) and Tc(@) 
are simple, whereas Tz(@) is not always simple. If G is simple, is Te(G), and in 
general, what characterizes the class of groups @ such that Tpe(@) is simple? 
Similar questions can be asked about transformation near-rings generated by 
other special transformations, e.g. inner automorphisms, automorphisms. 

Every group can be taken as the additive group of a near-ring. What char- 
acterizes the class of near-rings with the property that, if the group operation is 
taken as the addition of a near-ring, then the only possible multiplications are 
ab=0 or b? More generally, given a class of near-rings (e.g., rings, C-rings), 
what is a characterization of the corresponding additive groups? This is cer- 
tainly not a simple problem in the case of rings. Similar problems can be formu- 
lated for the multiplicative semi-group of a near-ring. 

A class of “near-vector” spaces has already had application [7]. The general 
theory of “near-vector” spaces could be developed to generalize vector spaces. 
A further generalization might be to “near-modules.” The analogy to Lie and 
Jordan rings could also be developed for near-rings. Similarly, near-field embed- 
dings and Galois theory are problems to be considered. The fact that any class 
of operators on a group generate a near-ring leads one to surmise that near- 
rings might have application to nonlinear operators. Banach and topological al- 
gebras might be generalized to topological near-rings. 

Veblen and Wedderburn used near-fields to construct the first example of a 
non-Desarguesian finite plane. Further studies of non-Desarguesian planes in- 
volving near-fields have recently been made [7, 9]. In any Veblen-Wedderburn 
geometry based on a near-field the little theorem of Desargues holds for all 
pairs of triangles in perspective from the point (1, 0, 0). Is there a 1-1 cor- 
respondence between near-fields and geometries with this property [9]? For 
other geometric problems related to near-fields see [7]. 
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A TOPOLOGY FOR SEQUENCES OF INTEGERS I 
R. L. DUNCAN, Pennsylvania State University 


1. Introduction. In what follows we shall be concerned with the set S of all 
sequences which possess a natural density. The natural density of the sequence 
A={a,} is defined by 5(A)=lim,... m—'A(m) whenever the limit exists and 
where A(m) is the number of elements of A not exceeding m. It is also assumed 
that A is a strictly-increasing sequence of positive integers and that all sequences 
are infinite. 

In the following sections we shall define a metric in the set S which depends 
on the concept of density. We then deduce a number of the simpler topological 
properties of the space S and attempt to determine its structure. 


2. A metric space. If A= {a,} and B= {b,}, the distance between A and B 
will be defined by p(A, B)=0 if A=B, i.e., if an=b, for all m and by p(A, B) 
=k-+| 5(A) —8(B)| otherwise, where k is the smallest value of » such that 
a,~#b,. Any real-valued function having certain simple properties could be used 
in place of 6(A) in this definition and many of the subsequent results would 
remain valid or require only slight modification. In particular, the replacement 
of the natural density by either the lower or upper asymptotic density would 
yield an extension of this metric to the set of all sequences. 

The metric p(A, B) =k is well known and has many interesting properties. 
A discussion of this metric and references to the literature can be found in the 
books of Ostmann [1]. These books also contain a vast amount of other mate- 
rial on sequences and related topics as well as a very comprehensive bibliog- 
raphy. Excellent summaries of some of the arithmetical properties of sequences 
have been given by Erdés and Niven [2] and by Niven [3]. 


THEOREM 1. S is a metric space. 
Proof. It is obvious that p(A, B) 20 and that p(A, B) =0 if and only if A =B. 


It is also clear that p(A, B) =p(B, A). Let p(A, C) =kr!+| 8(A) —8(C)|, p(A, B) 
=kr'+|6(A)—8(B)|, p(B, C)=kr1+|8(B)—8(C)|. If one of p(A, B) and 


a 

| 
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p(B, C) is zero, then p(A, C) is equal to the other. Also, kk >min { ke, ks} and it 
follows that k= The triangle law follows since 


| — a(C)| < | — (B)| + | 


Coro.iary. The metric of S is not equivalent to the one given by p(A, B) =0 if 
A=B and p(A, B) =k" otherwise, where k has the same meaning as before. 


CorROLiary. S is a bounded metric space. 


THEOREM 2. S is not totally bounded. 


Proof. Suppose that S=U}_, Ex, where each E; has diameter less than one. 
Then all sequences in any given E;, must have the same first term, say m. If A 


is any sequence such that a;#m for 1SkSn, then AGS and this is a contra- 
diction. 


COROLLARY. S is not compact. 


We prove directly that Sis not compact as follows. Let E,x= {A€S|am2n}. 
It is obvious that {E,} is a collection of closed sets having the finite inter- 
section property. But N¢_, E, is empty and so S is not compact. This argument 
actually shows that S is not countably compact. 

The following definition is used in the formulation of the next theorem: 


d(A) =g.l.b. n-'A(n). We shall also make repeated use of the obvious fact that 
d(A) S8(A). 


THEOREM 3. Let 


(1) A,— A. 

Then 

(2) lim sup d(A,) S d(A). 
If the double limit whe 

(3) a= lim kA, (k) 


exists, then (1) implies 
(4) d(An) > d(A). 
Proof. Suppose that p(A,, A) =k, 1+| 5(An) —6(A)| . For every e>0 there is 


a ky such that (ky) <d(A) + Since by (1), Ra— ©, there is an No such that 
for every n> No. Thus 


d(A,) S ko*An(ho) = ko A(ko) < d(A) 


if n> No. This yields (2). 
We now assume (3) and first prove 


(5) a = 6(A). 
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Now lim,.... ,(k) = 6(A,) for all and it follows that lim,.... k-'A»(k) =6(A) 
since the double limit exists and 6(A,)—6(A) [5]. Starting from (3) and (5) we 
now prove (4). Let €>0. By (3) and (5) there isan Ni anda K such that k-!A,(k) 
>6(A) —e for every n> Ni, R>K. Since k,— by (1), we have k, > K for every 
n> Hence 


k-!A,(k) = k7!A(k) = d(A) 
for all n> and all RS K and 
k1A,(k) > 6(A) — 2 d(A) 


for all n> and all k>K. Thus k-'A,(k) >d(A) —e for all »> Nz and all k. 
Therefore d(A,,) 2d(A) —e for all »> Nz. Combining this with (2) we obtain (4). 

It is easy to construct examples to show that condition (1) is not sufficient 
to yield (4) in the preceding theorem. As an application of the first part of the 
theorem, consider the set F= { A €S|d(A) =6(A)}. Let {A,} be a sequence of 
elements in F and suppose that A,—A. Then 6(A)=lim 6(A,)=lim d (A,) 
<d(A). Hence ACF and F is a closed subset of S. 


3. Topological properties of S. The proofs of several of the following results 


depend on the simple fact that there exists a sequence A such that 6(A) =a for 


THEOREM 4. S is separable. 


Proof. For every rational number r choose a fixed sequence {a,,,} with the 
natural density r, 0Sr<1. Let S,,, denote the class of sequences of the form 
{ ai, * Obviously every sequence in S,,, has the 
natural density r. Each class S,,, consists of a finite number of sequences. The 
number of sequences contained in each U, S,,, is countable. As the set of rational 
numbers is countable, U,,, S,,, is a countable union of countable sets and hence 
also countable. It remains to show that U,,, S,,, is everywhere dense in S. Let A 
= {an} ES. To every €>0 there corresponds an r such that |8(A) —r| <e/2. 
Choose k>2/e. If p is large enough, S,,, will contain the sequence B 
= { a1, * * 5 Dky }. Then 


p(A, B) S$ | 8(A) — &(B)| < (€/2) + = «. 


It can easily be shown that the set of all sequences which differ from a finite 
union of mutually disjoint arithmetic progressions in a finite number of terms 
is a countable everywhere-dense subset of S. 


THEOREM 5. S is nowhere locally compact. 
Proof. Let A={an}ES and N={BES|p(A, B)<e}, where 0<e<1. 


Choose B= {b,.} ES such that| 6(A) —6(B)| =¢/2 and if m is the smallest value 
of such that a,<b, put Ar={ai, Ge, Days Thus 6(A;) =6(B) 
and {A;} is a Cauchy sequence. Since 


= 
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p(Ax, A) + | — 6(A)| + €/2, 


we have A,€N for every k>2/e. Since p(Az, A) > | 6(Ax) — 6(A)| = €/2, 
A is not a limit point of {A;}. As {A} cannot have limit points different from 
A, {Ax} has no limit points. Now if E is any open set containing A, then 
NCECE if € is small enough. Hence E is not sequentially compact and there- 
fore not compact. 


CoROLLARY. S is neither complete nor sequentially compact. 
THEOREM 6. S is totally disconnected. 


Proof. Let E be any subset of S containing at least two elements. Now let 
E, denote the set of all sequences in E which agree with A*CE in the first k 
or more places and let E; = E— Xj. It is clear that A* CE, for all k and that EZ, is 
nonempty for sufficiently large. Also, p(A1, A2) where Es, 
and it follows that p(E,, E.)=k—. But this implies that p(Z,, E.) 2k-'. Thus 
E=E,VE:, where E; and E, are nonempty and satisfy the Hausdorff-Lennes 
condition. Hence E is not connected and S is totally disconnected. 


COROLLARY. Given any positive integer n, there exist sets E,, Ex such that 
S=E,VE, and p(E,, E2) 


THEOREM 7. If S=E,VUE2, then p(E:, Ex) =0 or n—, where n is a positive 
integer. 


Proof. Suppose that S= and let d=p(Fi, E:) >0. Then, given 
there exists ALC E, and A?€E, such that 


p(As, An) = ke + |8(An) — 8(An)| <d +e. 


Now let \,,=}3| 6(A1) —6(A32)| and choose a sequence A, which agrees with A} 
and A? in the first kn —1 places but is different from both in the k,th place and 
such that Then p(An, At)=p(An, An) =p(As, Aa) 
—hr, <d+e,—A,n. Now let €,—0 and suppose that zero is not a limit point of 
{rn}. Then p(An, Al) =p(A,, A?) <d for a sufficiently large value of and it 
follows that A,@E,VE, for this » and this is a contradiction. Now suppose 
that zero is a limit point of {d,}. Then there exists a subsequence {\,,} such 
that A,,—0 and it follows that k;,'+d. But this can happen only if d=0 or if all 
but a finite number of ;,' are equal to d. 


Another problem that arises in connection with the space S is that of deter- 
mining its dimension. As a consequence of Theorem 4 most of the well-known 
results of dimension theory could be used for this purpose. Also, in view of 
Theorem 5, it does not follow from Theorem 6 that S is zero-dimensional al- 
though it may seem that this should be the correct result. It will follow from 
the results of the next section that there exists a continuous one-one mapping of 
S onto a zero-dimensional subset of the unit interval. 
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4. Structure of S. Let a=0-aya.---a,--+-, where a,=1 if nCA and - 


=0 otherwise. Also, let R denote the set of all real numbers (in the binary 
scale) in the interval (0, 1] for which 


(*) lim > 


i=1 


exists. Let the topology in R be determined by the metric p(a, 6) =0 if a=b and 
p(a, = k* + lim (a: — 
i=1 


otherwise, where k = max { oe B;} and m is the smallest value of 2 
such that a,+8,. It is clear that 5(A) exists if and only if the limit (*) exists 
and in this case the two are equal. Since all sequences are infinite, the mapping 
a: A—a establishes a one-one correspondence between S and R and it is easy to 
see that 7 is an isometry. It follows from the remark following Theorem 4 that 
the rational numbers are everywhere dense in R. It is also clear that 7 is a con- 
tinuous mapping of S into the unit interval and that R is a zero-dimensional 
subset of the unit interval. 

Since the limit (*) is equal to 4 if and only if a is simply normal in the binary 
scale, it follows that R includes all such numbers and that all sequences cor- 
responding to such numbers have natural density 4. As a consequence of the fact 
that almost all numbers are normal [6, 7], we can conclude that mR =1 and that 
every sequence has a natural density } with probability 1. The following results 
characterize to a certain extent the structure of the open and closed sets of S. 


THEOREM 8. All open and closed sets of R are measurable subsets of the unit 
interval. 


Proof. Let S,(Ao) be the set of all AGS which agree with A, in the first k—1 
or more places; let 


Si(Ao, vy) = {A S| | 8(A) — | 
and 

S(Ao, 7) = {A ES| pA, Ao) < 7}. 
Then 


S(Ao, v) = U {S:(Ao) Si(Ao, 


k>1/7 


Now w{5S,(Ao)} is an interval and w{S,(Ao, y)} has measure zero or one. It fol- 
lows that all the open spheres in R are measurable and, since R is separable, 
so are all open sets. Also, all closed sets of R are measurable since they are 
complements of open sets with respect to R and mR=1. 


5 
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CoROLLARY. A subset E of the unit interval is measurable if E(\R is an open 
or closed subset of R. 


The proof of the next theorem is obtained by introducing suitable refine- 
ments in the proof of the preceding one and is therefore omitted. 


THEOREM 9. If E is an open (closed) set in R, then there exists an open (closed) 
subset E* of the unit interval such that m(E\UE* — E(\E*) =0. 


5. Multiplication of sequences. Finally, we shall consider briefly a certain 
binary operation on sequences which we shall call multiplication. If A = {an}, 
B={b,}, then define the product AB={b,,}. This definition was introduced 
by Niven [3], who also proved that 6(AB) exists and that 6(AB) =5(A)8(B) 
whenever 6(A) and 6(B) exist. This result makes it possible to show that S isa 


topological structure of a type which has been studied rather extensively by 
Wallace [4] and others. 


THEOREM 10. S is a mob. 


Proof. It is obvious that the set of all sequences is a semigroup (with an 
identity and right cancellation). But S is closed under multiplication (by Niven’s 
theorem) and is therefore a semigroup also. Since all metric spaces are Hausdorff 
spaces, all that remains is to show that multiplication is continuous in the topol- 
ogy of S. Let p(An, A)—0, p(Bn, B)—0, where A ={a;}, An= {ans}, B={d;} 
and B,={b,,;}. Then 


p(AnBn, AB) = ky + | 8(ABn) — 8(AB)| 


= ka + | 8(An)6(Bs) — 8(4)8(B) | — 0, 


where k, is the smallest value of k such that bn,o,,,~)a,- 

It has also been shown by Niven [3] that d(AB) =d(A)d(B). Suppose that 
d(A) =6(A), d(B) =6(B). Then 6(AB) =6(A)5(B) =d(A)d(B) Sd(AB) and con- 
sequently d(AB) =6(AB), 1.e., the set F= {A €S|d(A) =6(A)} is closed under 
multiplication. 
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ON THE NUMERICAL SOLUTION OF DIRICHLET- 
TYPE PROBLEMS 


DONALD GREENSPAN, Purdue University 
1. Introduction. A study of the solution of 


an ap? p Upp = p 


for K a fixed, real, nonzero constant is of considerable interest. Applications 
occur in potential theory for K = —1, in fluid dynamics and theory of heat flow 
for K =1, and in certain problems of stress for K =3, —3, —5 (see [1]). 

The problem to be considered is a Dirichlet-type problem. In the zp-plane, 
let G be a closed, bounded, simply-connected plane region whose interior is de- 
noted by R and whose boundary curve is denoted by S. Let G not contain any 
point where p=0. Let g(z, p) be defined and continuous on S. The problem, 
then, is to produce a function u(z, p) such that for fixed K 


(a) u(z, p)=g(z, p) on S 
and 
(b) u(z, p) satisfies equation (1.1) in G. 


Under quite general conditions, there exists a unique solution and only such 
cases will be considered [2], [3]. However, the analytical determination of u(z, p) 
is quite another story from that of its existence and usually offers what are, at 
present, insurmountable problems. The approach here, then, will be from a 
numerical analysis point of view and will be general enough to apply for arbi- 
trary, but fixed, nonzero K and will utilize the rectangular type grid. 


2. The numerical method. Let # and d be fixed positive constants and let 
(Zo, po) be an arbitrary, but fixed, point of G. Denote by G, the set of all points 
of the form (z9+mh, po+nd) contained in G, where m and n are integers. Two 
points (21, p:) and (ze, pe) of G, are called adjacent if and only if the straight line 
segment joining them is contained in G and 


(a) (21 —22)? + (p1—p2)? =h? and pi=pz 
or 
(b) (21 — 22)? +(p1—p2)? =d? and 2; =22. 


The interior of G,, denoted by Rx, is the set of all points of G, which have four 
adjacent points in G,. The boundary of G;, denoted by Sh, is the set defined by 


40 


ot 


1959] NUMERICAL SOLUTION OF DIRICHLET-TYPE PROBLEMS 41 


Suppose G; consists of m points. Number these in a one-to-one fashion with 
the integers 1,---, m. Denote the coordinates of the point numbered k by 
px) and the unknown function u at (z, px) by px) =ux, for kR=1,---,m. 

Let (z;, p;) be an arbitrary point of S;, the lattice boundary. Approximate 
u; by g(z’, p’), where (2’, p’) is the nearest point of S to (z;, p;). If (2, p’) is not 
unique, choose any one of the set of nearest points and use it. The problem of 


finding numerical approximations to u(z, p) on S; is, though crudely done, ade- 
quate for present purposes. 


We require then at each point (z;, p;) of Rn, that u satisfy 
—2(1 + p*ju(zi, pi) + + h, pi) + — h, 


(2.1) 
dK dK 

+ (1 pit+d)+ (1 + pi—d)=0 
2p 2p 


where h=pd. Application of equation (2.1) to each point of R, yields a system 
of linear algebraic equations which, when solved, yields the remaining numerical 
approximations of the analytical solution. 


3. Derivation of difference analogue (2.1). We seek to approximate a solu- 
tion u(z, p) which is of class C* and use the notation 


Let (z, p) be an arbitrary point of Ry. The aim will be to develop a “5-point” 
analogue, so consider (z, p) and its four adjacent points. Let (z, p), (+h, p), 
(z, p+d), (z—h, p), (z, p—d) be denoted, respectively, by 0, 1, 2, 3, 4. Hence, 
(20, Po) =(z, p); (21, p1) =(z+h, p), (22, =(z, p+d), (23, ps) =(z—h, p), (24, ps) 
=(z, p—d). Also let 
(3.2) h=pd,h>0,d>0,p>0. 


To produce a difference equation which approximates (1.1), let 
4 
(3.3) L(u) = > am; = 0. 
0 
By use of equation (3.2), the definition of A;,; in (3.1), and the Taylor ex- 
pansions of 1, “2, 43, “44 ONe May rewrite equation (3.3) as 
L(u) = Ao,0(a@o + a1 + a2 + a3 + os) + d[ Ai op(ar — a3) + Ao,:(a2 as) 
(3.4) + As op*(a1 + a3) + Ao,2(a2 + as) | 
a3) Ao,3(ae as)] + O(d*) = 0. 


Equation (1.1) may be rewritten as: A2,o=KAo,/(2p) —Ao,2. Substitution 
of this latter expression for Az,» in equation (3.4) yields: 


Oitiy 
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L(u) = Ao,o(ao + a1 + a2 + as + a4) 


(3.5) a} — as) + as — (01 + } 


+ + — + as) | 
+ d*[As,op*(a1 — as) + Ao,s(a2 — + O(d*) = 0. 


Let 
ao + a1 + a2 + a3 + = = O(d'), 
Kp*d 
a2 a4 + (a1 + a) =e = O(d’), 


a, — a3 = = O(d'), 
a2 + a4 — + 3) = = O(d?), 
— a, = €5 = O(d). 
The solution of this linear system is 


ay = €3/2 + peo/(K pd) — pes/(Kp*d), 


= 4/2 + + pé2/ (Kd) pes/(Kd), 
as = — + peo/(Kp*d) — pes/(Kp*d), 
ag = €4/2 — 6/2 + peo/(Kd) — pes/(Kd), 


ao = — 2peo/(Kp*d) + 2pes/(Kp*d) — €4 — 2per/(Kd) + 2pes/(Kd). 
Substitution of these values into equation (3.3) yields the general difference 
analogue 
[ex — — 2pe2/(Kp*d) + 2pes/(Kp*d) — 2pe2/(Kd) + 2pes/(Kd)}uo 
+ [es/2 + peo/(Kp*d) — pes/(Kp*d)]ur 
(3.6) + [es/2 + €5/2 + peo/(Kd) — pes/(Kd)}us 
+ [—«3/2 + pes/(Kp*d) — pes/(K pd) |us 
+ [es/2 — €s/2 + pee/(Kd) — pes/(Kd)]us = 0. 
In order to obtain equation (2.1) from equation (3.6), let a=ea=-ag=a=0, 
¢;= —dK, divide through by p, and note that uw=u(z, p), u=u(z+h, p), 
u,=u(z, p+d), u=u(z—h, p), u=u(z, p—d). 


It is also now quite apparent, from equation (3.6), why the discussion here 
does not yield the well-known results for K =0 as a special case. 


4. Theorems on the numerical method of Section 2. In this section let 
p=GLB, <a |p|. By definition of G, p>0. Let u(z, p) be the solution of the 
Dirichlet type problem being considered, and let U(z, p) be the solution of the 
numerical method described in Section 2. This latter assumption means that if 
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(z, p) is a point of Ry and Up=U(z, p), Ui1=U(z+h, p), U2=U(2, p+d), Us 
U(z—-h, p), Us= U(z, p—d), then 


dK dK 
(4.1) + p-)U0+ + Us) + (1 (1 + U.=0. 


THEOREM 1. The solution of the system of linear equations which results by 
application of the method of Section 2 is unique if 0<d<2p/| K\. 


Proof. It is sufficient to show that the determinant of the system of linear 
equations is not zero and this is done by demonstrating that the only solution 
of the homogeneous system which results by considering g(z, p) =0 on S is the 
zero vector. Suppose then there exists a nontrivial solution for the homogeneous 


system. For some point of R,;, U¥0. Suppose U>0. Let the largest value occur 
at some point, say, (Zo, po). Then 


(4.2) 21+ = Ud) + (1 =) (: + | 


and 


(4.3) M = Uo 2 Ui, 4 = 1, 2, 3, 4. 
Case 1. Suppose U; = U2= U3;= U,. Then (4.2) becomes 
(4.4) + = + p?) U1. 


Hence Uo= U,= U3= U,=M. 


Case 2. Suppose not all of U;, Us, Us, Us are equal. Then one is a maximum 
If Ui is maximum, let U2= Ui; U3= U1 — ks, Us = Ui — a, where kz, kz, kg are 
nonnegative and at least one is positive. Then (4.2) becomes 


‘ dK dK 
(4.5) 211+ = 214+ p?)Ui — kp? — + 
However, since d<2)/ | K | , it follows that (1—dK/2p) and (1+dK/2p) are 
positive. Hence from (4.5) it follows that 2(1+p-*) Up <2(1+ Ui or, equiv- 
alently, that Up<U;, which contradicts (4.3). Hence Up= U1 = U2=U3=U,4 
=M. 

If Uz, or U; or U, is selected as the maximum, analogous reasoning yields the 
same result. So, Case 2 is not possible. 

Continuing in an analogous fashion, one may show in a finite number of steps 
that U at a boundary point has the value M. But this contradicts the fact that U 
at every point of S, is zero, by the method of approximation for points of Sh. 
Hence the theorem is proved. 

Note that Theorem 1 establishes a practical, sufficient condition which as- 


sures a unique numerical solution. In all that follows, then, it is assumed that 
d<2p/|K\. 
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We proceed now by generalizing methods, ideas, and results of Gerschgorin 


[4]. 


DEFINITION. Let 


L[u(s, p)] = d-*[-2(1 + p-*)u(s, + prtu(s + h, p) + prtu(s — fh, p) 
dK dK 


Lemna 1. If L[v] <0 on R, and v=0 on Sy, then v=0 on Ry. 

The proof follows immediately as in [3] or [5]. 

Lema 2. If —|L[v]| in Ry and |v;| on Sy, then Sv2 on Ry. 
The proof follows immediately as in [3] or [5]. 


Lemma 3. If | L[v]| $A on R;, |v| SB on S, and r is the radius of any circle 
of the kind described below, which contains G, then |\v| SAr?/4+B, on Ri. 


Proof. By assumption, G is closed, bounded, simply-connected, and contains 
no point of the form (z, 0). Hence, it follows that for all (z, p) in G, p has the 
same sign and also has a finite maximum and a finite minimum in G. Select, 


now, a circle (s—a)*+(p—b)?=r? which contains G, such that 6 satisfies the 
jnequality 


K 
(4.6) 1—-—(p-d 21 
2p 


for all p in G. At least one such circle exists since G is bounded, since p #0, and 
since b may be readily selected as follows: 


(a) choose b2p*; if p* and K are of the same sign, where p* = max,<¢ p, 
(b) choose 6 S$; if p and K are of different sign, where, 6=min,cg p. 


Now let 


te 2 2 

[= (z — a)* + (p — +8]. 

Direct calculation yields L[w(z, p)]=—A[1—(K/2p)(p—b) |. However, since 

Az=0, by assumption, and by (4.6), it follows that L[w(z, p)]<—A. Since, 

then, | Z[v]| <A on Ry, by assumption, it follows that, on Rx, —| L[v]| =>L[w]. 

Moreover, since |v| $B on S, and w=B on S;, w=|v|. Hence —| L[v]| >L[w] 


on R, and w2|v| on S,. By Lemma 2, w2|v| on Rj, or |v| SwSAr?/4+B, on 
Rs, which proves the lemma. 


THEOREM 2. If u(z, p) is of class C*, p¥0 in G, u denotes the solution of the 
Dirichlet type problem described in Section 1, U denotes the solution of the linear 
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system which results by application of the method of Section 2, and d<25/| K | ‘ 
then, on Ry, 


4.7 |U —u| S (72/4) [Mah?/12 + Mud?/12 + Myd?| K | 
+ Mid*| K| /(24p)] + Mi(h + 2), 
where 
M, = max | max | | | i+j =k; nonnegative integers, 
(2~)E4 


p=GLB,ce | p| , and r is the radius of any circle of type described in the proof of 
Lemma 3. 


Proof. Let P=L|u]—(u.:+u,,—(K/p)u,). Substitution of finite Taylor series 
expansions for u(z+h, p), u(z—h, p), u(z, p+d), u(z, p—d) in L[u], yields 


h? h? ad? d? 
P= a p) + a U4,0(B2, p) + to,a(2, + uo,a(2, Y2) 


d°Kuo,3(z, p) Kd*uo,4(z, 1) 


6p (2p)4! (2p)4! 


Hence | P| S Myh?/12+ Mid?/12+ Mzd?| K| /(6p) +| K| Mud*/(41). 
Now, since u,:+4,,—(K/p)u,=0, then 


| L{u] — (tes + — (K/p) up) | | | | P| 
< + Myd?/12 + Myd?| K| /(6p) + Mid*| K| /(249). 


Also, for any point of S,, U was selected as the value of g(z’, p’) at some near- 
est point (z’, p’) on S, and g(z’, p’) =u(z’, p’) on S. Hence for any point (2, p) of S, 


(4.9) | U(z, p) = u(z, p) | _ | g(2’, p’) indi u(z, p) | = | u(z’, p’) ba u(z, p) | 


where (2’, p’) is a point of S and 


(4.8) 


SH or (2-2)? +(p—p')? Sa. 
Therefore 


| U(z, p) a3 u(z, p) | 


| u(2’, p’) — u(z, p’) + u(z, — u(z, p) | 
| — 2) | + | plz, — 
M,h + Mid = M\(h-+ d). 

It must also be noted that L[U]=0, by equation (4.1). Hence 
(4.11) | — U}| = | L[u] — z[U]| = | 


Applying Lemma 3 to equations (4.8), (4.10) and (4.11), one finds that on 
Ry | U — ul S (r2/4) [Mah?/12 + Mid*/12 + Mad?| K| /(6p) + Mad*| K| /(249)] 
+M,(h+d), which proves the theorem. 


(4.10) 


IA 
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THEOREM 3. Under the conditions of Theorem 2, the numerical solution U con- 
verges to the analytical solution u as (h?+d?)—0. 


The proof follows directly from inequality (4.7) and from the method de- 
scribed for approximating u(z, p) on Sy. 
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MATHEMATICAL NOTES 
EpITEp By Roy Dusiscu, Fresno State College 
Material for this department should be sent to Roy Dubisch, Department of Mathematics, 
Fresno State College, Fresno 26, California 
ON THE TURAN INEQUALITY FOR CERTAIN POLYNOMIALS 
W. A. Av-Satam, University of Baghdad, Iraq 


1. Let us define for the sequence of functions {f,(x)} the expression 


An(f) = fa(2) — (n = 1). 


Szegé [4] proved that A,(P) 20 (—1<xS1; 21), where P,(x) is the Legendre 
polynomial, and indicated that the sa ae inequality holds for the Hermite, 
Laguerre, and ultraspherical polynomials. The latter implies that the derivatives 
of the Legendre polynomials also satisfy the Turan inequality [2]. 

We shall prove here that the derivatives of a certain class of polynomials 
satisfy the Turan inequality. This class includes the Hermite and the Tcheby- 
cheff polynomials as special cases. Only the knowledge of the recurrence rela- 


tion shall be required. We shall also indicate that the derivatives of the Laguerre 
polynomials have this property. 


2. Let us prove first the following: 
Lemma. If {p,.(x)} are the polynomials defined by 
(2.1) = + Bn) pn(x) — Capn—a(x) (n 2 1), 


r 
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where po(x) =1, pi(x) =Aox+Bo, C,>0 and A,>0, then 


Ant = (x) — para (2) (x) > 0 


(k= 1,2,3,---,n+1;n2 1), 
where p® (x) indicates the kth derivative of p(x). 
Proof. If we differentiate (2.1) k times, we can see easily that 


(k) (k) (k) 


(9) — Pn (2) 


(k—1) (k) (k—1) (k) 


= (x) + ks bn (x)pn — Pn (*) 
Taking the limit as xy, we get 
(2.2) = Anlpa (2)]? + + 


where T'n,x(x) = (x) ]?@— pt” (x) (x). 
Now for any sequence of polynomials {f,(x)} whose zeros are all real and 
simple we have 


[fa (x)]? — frlx)fe’(x) <x< 1). 


But since p,(x) has all its zeros real ({3], p. 44) then the zeros of p®-"(x) are 
all real and consequently 


(2.3) > 0 1). 
We also note that Ay_-1,4(x) =0, and 


(k—1) 


(2.4) = pe pea (x) = BUR — TT A, iat A, > 0. 
0 0 


Thus it follows by induction from (2.2), (2.3), and (2.4) that 
Ane(x) > O wo;k=1,---,n,n2 1). 
This completes the proof of the lemma. 
3. Now consider the polynomials defined by 
= tAnpn(x) — Capn—i(x) (n= 1), 
po(x) = 1, = Ao, A, #0. 


If we differentiate (3.1) k times, we get, leaving out simple calculations, 


(3.1) 
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= + + (Ca — 


(k) 


+ (Ana — An)[kpn (2) + (x) 


(k) 


k k k 


A, 


Ae. k 2 
+ ideale) +(1- =") + 1) PPT, 


Hence 


n—1 


An(p™) = + 
(3.2) 


y ALi (k) 2 An-1 (k) 2 
+ (- 1) bP 


THEOREM. Let p,(x) be defined by (3.1) with the added conditions that C,>0, 
CrAna— n—1An =O, A, Then 


(3.3) A,(p™) 2 Il Arb + Cra} {An/ As} 


r=0 
Proof. We begin by noting that 


= [pe (x)]? 


k-1 2 
Il A, >0 (k = 1), 
r=0 
= 1 (k = 1). 
It follows from (3.2) that if G,.=g.l.b. A,(p™) then 
AL 


Grit 2 


n—1 


Iteration of this shows that 


Gaz 2 Ci} - { An/ Ax} 
Since A-}? we obtain our desired result. 


One interesting special case of this theorem is when A,=1. This case in- 
cludes: 


= 
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(i) the Hermite polynomials: C, =n, 


(ii) a class of generalized Hermite polynomials studied by Toscano [6]: 
C,=n+8 where B>—1, 


(iii) a class of polynomials studied by Carlitz [1] in connection with the 
special functional equation: C, =n’, 


(iv) the Tchebycheff polynomials: C, =1/2. 
The inequality (3) becomes for Case (i), 


A,(H™) 2 (m — 1) (RNR. 


The corresponding inequality for other special cases can be easily computed. 
We also remark here that although the derivatives of the Legendre poly- 


nomials satisfy the Turan inequality, the theorem we established above does 
not include this case. 


4. The Laguerre polynomials are defined by the recurrence relation 


(n + (2) = + In tat (x) — (nt at (2) 


Lo” (x) = 1, = — =. 


They also satisfy 


d a a 
dx 


from which we see that 


(3 ) 
By [5], 


A(L@) 2 


(a>—-1;-—-“ <x< 
Hence we finally get 


a, 20 <x< @), 
dx* 
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EXPECTATIONS FOR SUMS OF POWERS 


D. J. NEwMAN, Massachusetts Institute of Technology and 
M. S. KLamxtn,* Avco Research and Advanced Development Division 


A sequence of independent random variables with a uniform distribution is 
chosen from the interval (0, 1). The process is continued until the sum of the mth 
powers of the chosen numbers exceeds 1. One problem that arises is to deter- 
mine the expected number of such choices. 

This problen has been solved by W. Weissblum [1] for »=1 in which case 
the expected number is e. In this note, we solve the general problem in terms 
of a definite integral and find, thereby, the asymptotic behavior as n— ©. 

Heuristically, it might be reasoned, the “average” number is 1/2 and so the 
expectation should be around 2". This is not the case and in fact it turns out 
that the solution which we designate by E, satisfies E,~cn where c is given 
below. This is not really surprising since the “average” mth power number is 
Soxndx =1/(n+1). 

E, will be given by [2] 


where f; is the probability of failure up to and including the ith trial. Geomet- 
rically, f; will be given by the volume enclosed by 
%20 
This volume is determined immediately by an application of Dirichlet’s integral 
((3], p. 258) and is given by f;= [['(1+1/m)*]/[P'(1+i/n) ]. It follows that 
2. T(i+ 1/n)‘ 

E.=> 

+ i/n) 


For n=1, we obtain Weissblum’s result E; =e. 
Now using the standard contour integral ([3], p. 245) 


1 1 
= e’s~*ds 
T(z) 


for I'(1+7/n)-', shifting contours, extracting a residue, and rewriting as a real 
integral, we obtain for x>0 that 


xi xsin(x/n) edt 
+ i/n) a/n f + x? — 2tx cos (x/n) 


E, is equal to the above expression for x =I'(1+1/n). 

We now find E,, asymptotically. 

Using the relation x =I'\(1+1/n) =e-7/"+9(/"") in the above integral, we find 
that 


* On leave of absence from Polytechnic Institute of Brooklyn. 
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f e~*"dt f 
& + x — 2tx cos (x/n) 
while x"—e~7. Consequently, E,~cn, where 
= 
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CLASSROOM NOTES 
Epitep sy C. O. OaAKLEy, Haverford College 


All material for this department should be sent to C. O. Oakley, Department of Mathe 
matics, Haverford College, Pa. 


TAYLOR’S THEOREM AND NEWTON’S METHOD 
F. D. Parker, University of Alaska 


Most texts in calculus study Newton’s method long before the study of 
Taylor’s series and Taylor’s theorem. While studying the latter it may be worth 
while to stop to refine Newton’s method and to show the relation between the 
two. 

If we use only the first two terms of a Taylor series of a function f(x) ex- 
panded about a point x; near a zero of f(x), then f(x) =f(x1) +f" (x1)(x—%). Set- 
ting f(x) equal to zero we get an approximation to the root x =x,;—f(x)/f’ (x), 
which is familiar to the student as Newton’s method. If now we take three terms 
of the Taylor series, we get an approximation 


f' (m1) + { [f’ (x1)? 1/2 


provided, of course, f’’(x:) #0. While Newton’s method fits a line to the graph 
of the function, this refinement fits a parabola with the same slope and curva- 
ture to the graph of the function. The choice of the sign is dictated by the prob- 
lem. Further refinements are possible of course, but not practical. 

In solving x*+2x*+x?—6x—12=0 with a first approximation x=2, New- 
ton’s method yields 1.7778, the suggested refinement yields 1.7265, whereas the 
correct root is +/3 =1.7321. 
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EQUATIONS WITH TRIGONOMETRIC VALUES AS ROOTS 
KENNETH W. WEGNER, Carleton College 


The purpose of this note is to make readily available for classroom use the 
64 irreducible polynomial eguations with integral coefficients and of degree two 
through seven whose roots are of the form +sin y, +cos y, +tan y, +cot y, 
+sec y, or +csc y, where y is a rational number of degrees. 

Of these 64 equations, 14 are quadratic, 8 are cubic, 18 are quartic, 4 are 
of degree five, and 20 are of degree six. There is none of degree seven. The 6 
quadratics involving 30°, 45° and 60° will not be listed. The remaining 58 equa- 
tions are the following 22 along with others obtained from these 22 by changing 
the roots to their negatives, to their reciprocals, and to their negative reciprocals: 


Equation 
(1) 4x?4+2x—-1=0 
(2) x*—4x+1=0 
(3) x?+2x—1=0 
(4) 8x*—6x+1=0. 
(5) 8x3+4x?—4x—1=0 
(6) 5x*—10x?+1=0 
(7) 16x*—16x?+1=0 
(8) 16x4+-8x3—16x?—8x+1=0 
(9) 
(10) 16x*—20x?+5=0 
(11) 8x*—8x?+1=0 
(12) x44+-8x3+2x?—8x+1=0 
(13) x4+423—6x?—4x+1=0 


(14) 


(15) 

(16) 64x5—96x4+36x?—3=0 

(17) 64x6—112x4+56x?—7 =0 

(18) 7x6—35x4+21x?—1=0 

(19) 


(20) 
(21) 642% —32x5 


=0 
(22) 64x*+32x5 —80x4 —32x3+24x?+6x—1=0 


Roots 
sin 18°, —sin 54° 
tan 15°, tan 75° 
tan 45°/2, —tan 135°/2 
sin 10°, sin 50°, —sin 70° 
sin 90°/7, —sin 270°/7, sin 450'"/7 
+tan 18°, +tan 54° 
+sin 15°, +sin 75° 
sin 6°, —sin 42°, —sin 66°, sin 78° 
tan 9°, —tan 27°, —tan 63°, tan 81° 
+sin 36°, +sin 72° 
+sin 45°/2, +sin 135°/2 
tan 15°/2, tan 75°/2, —tan 105°/2, —tan 165°/2 
tan 45°/4, —tan 135°/4, tan 225°/4, 
—tan 315°/4 
sin 90°/11, —sin 270°/11, sin 450°/11, 
—sin 630°/11, sin 810°/11 
+tan 10°, +tan 50°, +tan 70° 
+sin 20°, +sin 40°, +sin 80° 
+sin 180°/7, +sin 360°/7, +sin 540°/7 
+tan 90°/7, +tan 270°/7, +tan 450°/7 
tan 5°, tan 25°, —tan 35°, —tan 55°, tan 65°, 
tan 85° 
tan 45°/7, —tan 135°/7, tan 225°/7, tan 405°/7, 
—tan 495°/7, tan 585°/7 
sin 30°/7, sin 150°/7, —sin 330°/7, sin 390°/7, 
sin 510°/7, —sin 570°/7 
sin 90°/13, —sin 270°/13, sin 450°/13, 
—sin 630°/13, sin 810°/13, —sin 990°/13 


These equations complete the list started in “Trigonometric Values that are 


Algebraic Numbers,” Kenneth W. Wegner, The Mathematics Teacher, Decem- 
ber, 1957. In that article derivations and suggested uses of equations with sines 
and cosines as roots were given. Here derivations of the tangent equations will 
be illustrated with (19). 

In the identity (3 tan? y—1) tan 3y=tan* y—3 tan y, substitute y =5°, 65°, 
and 125°, obtaining (3x?—1)(2—+/3) =x*—3x with roots tan 5°, tan 65°, and 
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—tan 55°. Similarly, (3x?—1)(2++/3) =x*—3x has roots tan 25°, tan 85°, 
and —tan 35°. Equation (19) is obtained by combining these two equations. 

That the 64 equations referred to above are irreducible can be verified by 
theorems on degrees of algebraic numbers as given on page 37 of Irrational Num- 
bers by Ivan Niven (No. 11 of The Carus Mathematical Monographs). That 
the 64 equations are the only ones of the type described can be established by 
a method suggested by D. H. Lehmer (this MONTHLY, vol. 40, 1933, p. 165). 


A NOTE ON AN ADDITIVE PROPERTY OF NATURAL NUMBERS 
J. vAN YZEREN, Technological University, Eindhoven, Holland 


Some years ago A. Moessner drew attention to the following property of 
natural numbers. 

Consider a set of number sequences beginning with the sequence of natural 
numbers. Skipping every mth number we form the sequence of partial sums. In 
this sequence skip every (m —1)th number and again form the sequence of partial 
sums. Again every (m —2)th number is skipped and so on. Then the mth sequence 
will be 1, 2", 3", 4", ---. 

This property is trivial for »=2. If m>2 it may be noticed that, whereas the 
first and the mth sequences are arithmetical progressions (of the first and mth 
order), the intermediate sequences are not. 


1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 


n=3 1 3 , 19 27 37 48 61 75 
1 8 27 64 125 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
1 3 6 11 17 24 33 43 54 67 81 96 
n=4 1 4 15 32 65 108 175 256 
1 16 81 256 


Several rather intricate proofs and generalizations of Moessner’s statement 
have been given (see References). However it may be useful to show that his 
result can be looked upon as a straightforward consequence of Horner’s algo- 
rithm applied to the polynomial x”. 

According to Horner’s algorithm the coefficients of, e.g., @ox*+-a.x* +a2x +43, 
arranged as a polynomial in x—1, are found in the following way. 


ao ay a2 a3 
ao ao + a4 ao + a1 + a2 
do ay + a ao + a1 + a2 ao + a; + a2 + ag 
ao 2a0 + a1 
ao 2ao + ay 3ao + 2a; + ae 
a0 


ao 3a0 + a 


54 CLASSROOM NOTES [January 


From the special polynomial x*=x*+0x?+0x+0 we arrive at (x—1)* 
+3(x—1)?+3(x—1)+1, from this at (x —2)*+6(x—2)?+12(x—2) +8, proceed- 
ing stepwise by means of the Horner blocks 


1 Rive 


Clearly, this sequence can be prolonged ad infinitum, as the bottom figures 
of each block appear in the first row of the next one. 

From this block sequence Moessner’s sequences (m =3) can be derived in the 
following way. First suppress all copied figures (appearing in the copied first 
rows, but also in all even rows). Next write the blocks columnwise under each 
other. Then the left of the two arrays underneath is found; the right one is the 
analogue derived from the polynomial x‘, 


x* + Ox? + Ox +0 xt + Ox* + Ox? + Ox + 0 
0 0 0 0 0 
1 1 1 1 1 
- 2 3 1 2 3 4 
i 6 

2) 2 7 8 1 4 

6 1 6 17 32 

we 

1 9 3 65 
1 10 37 64 


Apparently, these arrays contain Moessner’s sequences (” = 3 and m =4) writ- 
ten down vertically. According to Horner’s algorithm the numbers of the last 
column are the constant terms of the polynomial x* when expressed in powers 
of x—i. Hence they are the numbers 1". This is the statement of Moessner. 
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Edited by Jonn R. Mayor, American Association for the Advancement of Science and the 
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Contributions for this department should be sent to John R. Mayor, 1515 Massachusetts 
Avenue, N.W., Washington 5, D. C. 7 


CURRICULUM STUDIES IN MATHEMATICS 


Because of the great effort now being given to improvement of instruction in mathe- 
matics, even mathematicians sometimes have difficulty in keeping up with what is going 
on. In response to numerous requests, there are listed twelve curriculum studies in 
mathematics, with addresses from which further information can be obtained. In the 
cases in which only names and addresses are given, those directing the studies have been 
invited to contribute longer statements for publication in this Department. Two of these 
appear in this issue. The others have already appeared or will be included in later issues. 

The editors apologize for any omissions in this list and will be pleased to have their 
attention called to studies which should be included in a supplementary list. 


Advanced Placement Program. The Advanced Placement Program is a continuation 
of the School and College Study of Admission with Advanced Standing. The Program 
provides descriptions of college-level courses to be given in schools and prepares exami- 
nations based on these courses. Colleges, in turn, consider for credit and advanced place- 
ment students who have taken these courses and examinations. The program is thus an 
instrument of cooperation which extends the educational opportunities available to able 
and ambitious students by coordinating effectively their work in school and college. 
Teachers who are setting up college-level courses should read the course descriptions in 
the booklet, Advanced Placement Program Syllabus, which may be obtained by writing 


to the Advanced Placement Program, College Entrance Examination Board, 425 West 
117th Street, New York 27, New York. 


American Society for Engineering Education. A report on the teaching of mathematics 
for engineers of the joint committee of the American Society for Engineering Education 
and the Mathematical Association of America. Journal of Engineering Education, vol. 
45, 1955, and this MoNTALY, vol. 62, 1955, pp. 385-392. 


Ball State Teachers College. For the past three years, an experimental tenth grade 
geometry course has been offered at the laboratory high school of Ball State Teachers 
College. The postulate set that is used is a modified version of the Hilbert postulates. 
Plans for this year call for continuation of this course in the laboratory school and several 
high schools near the College. Work has also been started on a ninth grade algebra course. 


For information, wri: to Professor Charles F. Brumfiel, Ball State Teachers College, 
Muncie, Indiana. 


University of Chicago. Since the founding of the College at the University of Chicago, 
the mathematics department of the College has been concerned with the development 
of a modern and basic course in mathematics for general education. The course now in 
use, which has gone through frequent revision, involves many of the ideas with which 
other of the curriculum groups are now working. The experience at the University of 
Chicago has been of great value and will continue to be of value to all efforts to modernize 
the mathematics curriculum. For information write to Professor A. L. Putnam, Box 23, 
Eckhart Hall, University of Chicago, Chicago 37, Illinois. 


Commission on Mathematics. Dr. Robert E. K. Rourke, Executive Director, Com- 
mission on Mathematics, 425 West 117th Street, New York 27, New York. 
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Committee on the Undergraduate Program. For about five years the Mathematical 
Association of America has sponsored a Committee on the Undergraduate Program. 
The Committee has considered ways (1) to bring to freshmen the calculus, (2) to intro- 
duce to them set notions and probability theory, (3) and to do this without imposing un- 
realistic demands on students with two and one-half years of mathematics in high school. 
The Committee has designed two types of sophomore courses. One of these is for physical 
science and engineering majors, and the other is intended to answer increasing demands 
from the biological and social sciences. Copies of Collected Reports of the C.U.P. may 
be obtained from the Mathematical Association of America, University of Buffalo, 
Buffalo, New York. The Committee was discharged on September 1, 1958, but the 
Association is making plans to continue this work.* 


University of Illinois Committee on School Mathematics. Dr. Max Beberman, UICSM, 
University High School, Urbana, Illinois. 


University of Maryland Mathematics Project (Junior High School). Dr. John R. 
Mayor, Director of Education, American Association for the Advancement of Science, 
1515 Massachusetts Avenue, N.W. Washington 5, D.C. 


National Council of Teachers of Mathematics Secondary School Curriculum Committee. 
The Secondary School Curriculum Committee of the National Council of Teachers of 
Mathematics has been organized with ten subcommittees, each of which is expected to 
issue a preliminary report in the spring of 1959. The Committee in giving its attention 
to the mathematics program for all students, grades 7 through 12, is in a strategic po- 
sition to assist all of the current curriculum investigations, to interpret for teachers and 
schools recommendations of other groups, and to bring about acceptance by schools 
and teachers of sound proposals of all other groups. For information, write to Mr. Frank 
B. Allen, Lyons Township High School, La Grange, Illinois. 


Oklahoma State Committee for the Improvement of Mathematics Instruction. Dr. James 
H. Zant, Oklahoma State University, Stillwater, Oklahoma. 


School Mathematics Study Group. Dr. E. G. Begle, School Mathematics Study Group, 
Drawer 2502A, Yale Station, Yale University, New Haven, Connecticut. 


Social Science Research Council Committee on Mathematics in Social Science Research. 
This Committee was appointed by the Council in 1958 as the successor to its former 
Committee on Mathematical Training of Social Scientists. The former Committee 
planned and conducted five summer institutes; it prepared a statement recommending 
policies for the mathematical training of social scientists (ITEMS, June 1955, p. 13), 
and aided in the preparation of other materials. For information and reprints write to So- 
cial Science Research Council, 230 Park Avenue, New York 17, New York. 


MATHEMATICS CURRICULUM STUDIES IN OKLAHOMA 
James H. Zant, Oklahoma State University 


Curriculum revision in mathematics has been approached in Oklahoma with 
the belief that the development of an overall mathematics program from the 
kindergarten through grade 12 is desirable. The program should be designed 
to insure for all students mathematical competency and an appreciation of the 
role of mathematics from a modern aspect, to enable them to meet the challenge 


* A conference on the work of the CUP was held in Washington, D. C. November 15-16, 
1958. A report of the conference will appear in an early issue of the MONTHLY. 
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of living adequately in a highly-complex and technological age. The stimulus for 
the program as it has developed came from the Oklahoma Curriculum Improve- 
ment Commission of the State Department of Education with the active inter- 
est and financial support of the Frontiers of Science Foundation of Oklahoma, 
Inc. and from public-minded school administrators from over the state. 

In the summer of 1957 a one-month Mathematics Workshop was held at 
the Oklahoma State University. Participants consisted of a group of able 
teachers of mathematics in the Oklahoma schools, who were assisted by a staff 
of competent mathematicians and mathematics educators from within the state 
and from the outside. This group developed a 94 page bulletin* for the purpose 
of helping all teachers in their efforts to improve instruction in mathematics 
from grades one through twelve. 

It was recognized that, though the general education of young men and 
women will be neglected unless they have a thorough understanding of the prin- 
ciples of mathematics, perhaps no area in the curriculum has been less subject 
to modification and change. Curriculum reorganization, which involves the in- 
troduction of new and unfamiliar concepts, must be done on a very broad base 
if results are to be achieved with any degree of rapidity. This group of teachers 
and mathematicians used this broad approach in a first attempt to open the way 
to bring the mathematics curriculum up to date and to provide teachers at 
all levels with material that they can use to improve their own competence. It 
was hoped that through their efforts there would be introduced into programs of 
study new approaches to old subject matter and, perhaps more important, this 
would encourage the introduction of new subject matter of great importance in 
the modern world but relatively lacking in the traditional approach to mathe- 
matics. 

A total of 15,000 copies of the above-mentioned bulletin were printed and 
distributed widely over the state by the State Department of Education. It was 
soon apparent, however, that without adequate leadership the efforts of the 
Mathematics Workshop would not be truly effective over the state as a whole. 
Hence a committee appointed by the Oklahoma Curriculum Improvement Com- 
mission, called the State Steering Committee for Mathematics, began discussing 
future plans. In order to consolidate state leadership and to initiate a permanent 
program for improving the state mathematics curriculum, the Commission, 
following the suggestion of the Steering Committee and again with the active 
financial support of the Frontiers of Science Foundation of Oklahoma, Inc. and 
the State Department of Education, sponsored a Leadership Conference on the 
Improvement of Mathematics Teaching in the Schools of Oklahoma, March 
19-22, 1958, at Oklahoma City. 

The participants in the Leadership Conference were from the colleges and 
universities, public and private, engaged in teacher training in the state and 
included a small number, probably too few, of teachers and administrators 


* The Improvement of the Teaching of Mathematics. The Oklahoma State Department of 
Education, Oliver Hodge, Superintendent. $1.00. 
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from the public schools. Fourteen of the seventeen colleges and universities 
were represented, in most cases by two staff members, one from mathematics 
and one from education. There were 35 participants. The activities of the con- 
ference consisted of lectures on various phases of mathematics and mathematics 
education by the consultants and leaders in the state. Discussions sharpened 
and clarified points made by the various speakers and at the end the group ar- 
rived at definite conclusions and a plan for action in the state.* The “plan for 
action” included a recommendation to the Oklahoma Curriculum Improvement 
Commission that the Commission appoint a State Committee for the Improvement 
of Mathematics Instruction including a State Supervisor for Mathematics Edu- 
cation and approximately 20 members consisting of college or university mathe- 
maticians, professional education staff members, and elementary and secondary 
school teachers and supervisors. Further developments of a program in improv- 
ing mathematics teaching in Oklahoma will be the responsibility of the State 
Committee working through the Oklahoma Curriculum Improvement Com- 
mission. 

The State Committee has been appointed with James H. Zant as the Chair- 
man and the program for the future activities in this area is now being com- 
pleted. It is expected that this will include plans for organizing study groups and 
subcommittees in various areas; definite plans for writing teaching materials, 
first in the form of teaching units and eventually in the form of courses for 
grades and areas; making a definite effort to get information about the need 
and methods of a new program in mathematics before the teachers and ad- 
ministrators of the state; plans for retraining teachers now in service; and for 


the reorganization of pre-service training of our elementary and secondary 
mathematics teachers. 


THE UNIVERSITY OF MARYLAND MATHEMATICS PROJECT 
M. L. KEEpy, University of Maryland 


The University of Maryland Mathematics Project (Junior High School), 
made possible by a grant from the Carnegie Corporation of New York, isnow 
beginning the second of its three years. The study is being directed by John 
R. Mayor, with the author as his associate. An advisory committee, which assists 
in the formulation of policy, represents the areas of mathematics, science, engi- 
neering, psychology and education within the university, the U. S. Office of 
Education, the Maryland State Department of Education, and the public 
school systems near the University. The four major school systems in the Wash- 
ington, D. C., area—Prince Georges and Montgomery Counties, Maryland; 
Arlington County, Virginia; and the District of Columbia—are cooperating in 
the study, with some twenty-five junior high school mathematics teachers par- 
ticipating. These teachers meet weekly at the University of Maryland, to in- 


* A 126-page report consisting of the papers read at the Conference and the final recommenda- 
tions to the Commission was multilithed for distribution within the state. 
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crease their knowledge of modern mathematical concepts and of recent advances 
in the theories of learning. They also assist with preparation and revision of 
teaching materials, conduct interviews of children, and teach newly-prepared 
materials in their own classes. 

The primary goal of the project is to determine maturity levels at which cer- 
tain mathematical concepts can be appropriately taught, and to prepare mate- 
rials for a teaching sequence in grades seven and eight which is mathematically 
and psychologically sound, and appropriate to modern-day needs. Results of the 
study are being made available to curriculum planning groups across the coun- 
try, and increasing cooperation with such groups and with other persons engaged 
in experimental work in mathematics curriculum is being developed. 

During the summer of 1958 the staff prepared the first portion of an experi- 
mental seventh grade course, on the basis of experience gained in the first year 
of the study, in addition to conducting a four-week National Science Foundation 
Institute in conjunction. The 44 Institute participants, representing a wide geo- 
graphic area, studied mathematics and studied and assisted with preparation 
of the experimental course materials, in addition to observing an experimental 
class of seventh grade children. 

In the academic year 1958-59 the experimental seventh grade course is 
being taught in about 25 schools in the greater Washington area and in some 
others as weli. A psychologist has joined the staff for the purpose of directing 
an evaluation of the experimental course. The teachers involved will continue 
in a weekly seminar at the University of Maryland, assisting with revision of 
the experimental course and beginning to develop materials for an eighth grade 
course, to be taught the following year. 

In the experimental seventh grade course, arithmetic and algebra are not dis- 
tinguished, but are merged by considering properties of numbers. The concept 
of a mathematical system is developed and used thereafter as applicable. Unify- 
ing concepts are given stress, vocabulary is simplified where possible, and lin- 
guistic precision is emphasized where mathematical content is involved. Applied 
problems of types ordinarily taught in grade seven are included in the exercises, 
but the first emphasis is on mathematical understanding. The course is designed 
to include procedures in which students reason both inductively and deduc- 
tively, although the deduction is largely of an informal nature. 


REACTIONS TO THE BOWLING GREEN CONFERENCE* 
W. Norman Smita, University of Wyoming 


To report on a meeting of the size and complexity of the Bowling Green 
Conference accurately, briefly and objectively is impossible. The best I can do 


* This is the third statement by a mathematician who participated in the 1958 Annual Con- 
ference of the National Commission for Teacher Education and Professional Standards. Other 


statements by F. A. Ficken and Paul C. Rosenbloom appeared in this Department in November, 
1958. 
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is to list a few random impressions, colored by the discussion group of which I 
was a member, as well as by my personal views. 

The most striking, as well as the most encouraging, impression was that of 
the apparent recognition by delegates from the entire educational spectrum of 
the importance of subject-matter preparation in the training of teachers. I was 
assured by one delegate that this was a radical shift—that five years ago any 
mention of subject matter would have been squelched by the shibboleth, “You 
don’t teach mathematics, you teach boys and girls.” 

Just how the prospective teacher was to find the time for more intensive 
work was a moot point. There was a general feeling that five years of college 
work should be a minimum, but many of the delegates felt that this was im- 
practical as an immediate goal. There seemed to be no willingness on the part of 
the professional educators to reduce the number of required hours in education, 
nor did the teachers themselves suggest that this should be done, although all 
agreed that a certain amount of pruning in the educational vineyard was de- 
sirable. 

Another encouraging aspect was the realization that the education of teach- 
ers was a joint project requiring close cooperation between the liberal arts de- 
partments and the professional educators. It was, however, obvious that not 
all of the heat of conflict between these two groups had been dissipated. 

I am confident that the Bowling Green Conference will lend impetus to a 
movement already underway in Wyoming for closer cooperation between the 


teachers in the state, the College of Education, and the College of Arts and 
Sciences. 


NATIONAL DEFENSE EDUCATION ACT OF 1958 


This Act, passed in the closing days of the 85th Congress, authorizes the expenditure 
of funds through the Office of Education of the Department of Health, Education, and 
Welfare under the headings: Loans to Students; Financial Assistance for Strengthening 
Science, Mathematics, and Modern Foreign Language Instruction; Fellowships; Guid- 
ance, Counseling, and Testing; Language Development; Research in Television and 
Motion Pictures; Area Vocational Education Programs. 

Mathematicians should become familiar with the plans for implementation of this 
Act in their states, especially in relation to the title on Financial Assistance for Strength- 
ening Science, Mathematics, and Foreign Language Instruction. 

Inquiries might be addressed to state departments of education or to Dr. Kenneth 
E. Brown, U. S. Office of Education. 


CONTINENTAL CLASSROOM IN PHYSICS* 


CONTINENTAL CLAssrooM—the TV course for college credit in Atomic Age Physics 
launched October 6 over the National Broadcasting Company nationwide network—is 
proving to be a “hit.” Over 250 colleges and universities across the country are offering 
the course for credit. In addition, at least 20,000 engineers, technicians, homemakers, 


* Submitted upon request by The American Association of Colleges for Teacher Education, 
Office of the National Coordinator of Atomic Age Physics. For further information: Edwin P. 


Adkins or Hope C. Corso, In Care of National Broadcasting Company, 30 Rockefeller Plaza, New 
York 20, New York. 
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gifted high school students, career-Army personnel and others are viewing the program 
to update themselves in modern-day science. Teaching the course is Dr. Harvey E. 
White, professor of physics at the University of California and consultant to the Atomic 
Energy Commission. Guest lecturers include noted physicists and scientists from leading 
U. S. institutions of higher education. 

Supervising the over-all effort—for the American Association of Colleges for Teacher 
Education—is Dr. Edwin P. Adkins, on leave from New York State University College 
for Teachers in Albany where he is director of education. Financial support for the pro- 
gram has been contributed by the Ford Foundation, the Fund for the Advancement of 
Education, and by industry: Bell Telephone System, the California Oil Company, Gen- 
eral Foods Fund, International Business Machines Corporation, Pittsburgh Plate Glass 
Foundation and United States Steel. 

The second semester on Nuclear Physics, commencing February 11, promises to at- 
tract an even larger number of viewers than this semester’s offering on Basic Physics. 
The program—telecast at 6:30 a.m., local time—will end June 5. 


CURRENT ITEMS 


The complete report on Science and Math in the NASSP Bulletin, Sept. 1958, pp. 5- 
12, is available in reprint form on request as long as the supply lasts. For a free copy of 
The Place of Science and Mathematics in the Comprehensive Secondary-School Program, 
write to The Spotlight, 1201 Sixteenth Street, N.W., Washington 6, D.C. 


Science and mathematics receive special emphasis in a plan to give four different 
diplomas which has recently been approved by the Indianapolis Board of Education. 
The four diplomas do not simply reflect the kind of study undertaken, for they also take 
into account how well the students do. 


A National survey of science and mathematics teachers in American public high 
schools has been started by the U. S. Office of Education and will be ready for distribu- 


tion around the first of the year. This survey is the most recent of similar surveys pub- 
lished in 1955 and 1957. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpDITED By Howarp EveEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1346. Proposed by J. M. Gandhi, Belgaum, India 
Prove that if p is a prime then (°?) =2, mod p. 
E 1347. Proposed by V. F. Ivanoff, San Carlos, California 


Prove that Fn-s= Fon, where Fo, - , Fn is any set of n+1 con- 
secutive Fibonacci numbers. 


62 ELEMENTARY PROBLEMS AND SOLUTIONS [January 


E. 1348. Proposed by M. S. Klamkin and Raphael Miller, AVCO Research 
and Development, Lawrence, Mass. 


Find the locus of the centroids of all equilateral triangles inscribed in an 
ellipse. 


E 1349. Proposed by P. L. Chessin, University of Maryland 


Consider the matrix [a;;] where ay, =cos 0, a4;=2 cos (i=2, +--+, 


04,441 =Gi41,5=1 (¢=1, - - - , m—1), and all other elements are zero. Show that 
=cos 6. 


E 1350. Proposed by N. A. Court, University of Oklahoma 


(a) The tangents to the ninepoint circle of a triangle T at the midpoints of 
the sides of T form a triangle homothetic to the orthic triangle of T. (b) The 
homothetic center of the two triangles is a point on the Euler line of T. 


SOLUTIONS 
Existence of a Unit Element 


E 1316 [1958, 365]. Proposed by R. C. Buck, University of Wisconsin 


Let S be a set of elements with an associative multiplication. Suppose that 
S has a special element u with the property that wu is a left and a right divisor 
of every element in S. Does S have to possess a unit? 


Solution by J. V. Whittaker, University of British Columbia. For any xCS, 
let yu=x=uz and su=u=ut. Then sx=s(uz)=(su)z=uz=x and, similarly, 
xt=x. Thus st=s=t is a unit of S. 


Also solved by R. G. Albert, M. D. Anderson and Jerry Bebernes (jointly), Lawrence Arnold, 
A. Bager, Peter Beisswanger, L. P. Belluce, M. P. Berenson, J. L. Brenner, J. L. Brown, Jr., P. L. 
Chessin, R. M. Conkling, H. M. Farkas, N. J. Fine, Fred Galvin, W. V. Gamzon, Virginia S. 
Hanly, J. Hooley, A. F. Kaupe, Jr., Irving Kay, J. M. Kingston, Joe Lipman, R. T. J. Mahoney, 
D. C. B. Marsh, J. S. Moore, Jr., F. D. Parker, D. S. Passman, W. J. Pervin, John Rainwater, 
Theodore Reiss, Azriel Rosenfeld, Jack Silver, Paul Slepian, J. W. Smith, Anthony Trampus, and 
the proposer. 


A Tetrahedron and a Sphere 
E 1317 [1958, 365]. Proposed by N. A. Court, University of Oklahoma 


Let (JT) =DABC be a tetrahedron and let (M) be a sphere having its center 
M on the axis of the circle ABC. If one and only one point is taken in each pair 
of points determined by (M) on the edges of (T) issued from the vertex D, 
show that the 2?=8 planes thus determined are cut by the plane ABC along 
four pairs of isotomic transversals of the triangle ABC. 


Solution by the Proposer. 1. Let : 
(a) U, U';V,V’;W,W 
be the traces of (M) on the edges DA, DB, DC, respectively. The points V, V’, 


i 
‘ 
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W, W’ determine a complete quadrangle (q) inscribed in the circle (M,) in which 
plane DBC cuts (M). The four pairs of points 


(J) P,P; X, 2"; B,C; 5, F 


in which line BC cuts the three pairs of opposite sides VW, V’W’; VW’, V’W; 
VV’, WW’ of (q) and the circle (M,), belong to the same involution, by Des- 
argues’ theorem [see, for inst., L. Cremona, Projective Geometry, p. 143, art. 
183]. 

2. The points of intersection S, S’ of (M.) with line BC are also the traces 
on BC of the sphere (M). These points therefore lie also in the circle (Ma) in 
which (M) is cut by plane ABC. Now (Ma) is concentric with circle ABC, since 
by assumption M lies on the axis of circle ABC. Hence the two segments SS’ and 
BC have the same midpoint, say A’. 

The two pairs of points B, C; S, S’ determine the symmetrical involution 
having A’ and the point at infinity of BC as the double points, or, what is the 
same thing, the involution of isotomic points on side BC of triangle ABC, On 
the other hand, these two pairs of points also belong to the involution (J) con- 
sidered in part 1. Hence (J) is identical with the isotomic involution. Conse- 
quently, the two pairs of lines VW, V’W’; VW’, V’W determine on BC two 
pairs of isotmic points (cf. Nathan Altshiller-Court, College Geometry, 2nd ed., 
p. 158, ex. 7). We similarly treat the faces DCA, DAB of (T). 

3. Consider any two of the eight planes determined by the points (a) and 
involving all six points, say UVW and U'V’W’. The three pairs of lines VW, 
V'’W’; WU, W’'U’; UV, U’V’ determine on the three transversals BC, CA, AB, 
respectively, three pairs of isotomic points P, P’; Q, Q’; R, R’ (part 2). The tri- 
ads of points PQR, P’Q’R’ lie in the planes UVW, U’V’W’, respectively, and 
all six lie in the plane ABC. Hence the points of each triad are collinear, and 
the two lines PQR, P’Q’R’ are two isotomic transversals of triangle ABC. We 
may similarly treat the other three pairs of analogous planes. Hence the propo- 
sition. 

The reader may consider the cases where the sphere (M) passes through the 
vertex D or through the circle ABC and formulate the corresponding results. 


A Theorem on Permutations 


E 1318 [1958, 366]. Proposed by Gordon Raisbeck, Bell Telephone Labora- 
tories, Inc. 


A. A. Mullin has proved (this MonTuty [1957, p. 669]) that 


r=0 (n = r)! 


for large n, where ~ denotes asymptotic equality. Prove that 


&(n) = [(n!)e], n= 1, 
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where [x] denotes the largest integer not greater than x. 


I. Solution by W. J. Blundon, Memorial University of Newfoundland. We 
have 


(n!)e — 


ni{1/(n + 1)! + 1/(mt 21+ 5 
1/(m + 1) + 1/(m + 1)(m + 2) + 1/(n + 1)(n + 2)(n+ 3) +->>. 
This expression is clearly positive, but is less than 
(mn + + (n + + (n+ 81. 
Since ®(m) is an integer, it follows that ®(n) = [(n!)e]. 


II. Solution by J. D. E. Konhauser, State College, Pa. Since ®(n) is the total 


number of permutations of n objects, this problem is equivalent to the solved 
problem E 1186 [1956, 343]. 


Also solved by R. G. Albert, Lawrence Arnold, Peter Beisswanger, J. L. Brenner, J. L. Brown, 
Jr., P. L. Chessin, E. L. Ellis and D. L. Muench (jointly), William Faris, N. J. Fine, Fred Galvin, 
Lawrence Glasser, L. D. Goldberg, Michael Goldberg, Emil Grosswald, J. H. Hodges, Vern Hog- 
gatt, Norbert Kaufman, A. F. Kaupe, Jr., John Kelley and W. E. Lawrence (jointly), Morton 
Kupperman, Joe Lipman, R. T. J. Mahoney, D. C. B. Marsh, Clifford Marshall, L. C. Marshall, 
Leo Moser, T. F. Mulcrone, S.J., A. A. Mullin, J. B. Muskat, F. D. Parker, D. S. Passman, 
C. F. Pinzka, D. A. Robinson, Azriel Rosenfeld, R. E. Shafer, H. K. Shepard, D. L. Smith, D. P. 
Thompson, L. K. Williams, David Zeitlin, and the proposer. 


A Quiz Contestant 


E 1319 [1958, 366]. Proposed by S. W. Golomb, California Institute of Tech- 
nology 


A quiz contestant selects a category containing m questions, k of which are 
too difficult for him. The questions are selected from the category at random, 
and the contestant continues answering until he misses a question. What is the 
probability that he will miss on the ath question? 


Solution by C. F. Pinzka, University of Cincinnati. The probability that the 
contestant answers the first a—1 questions correctly is 


and the probability that he then misses the ath question is k/(n—a+1). The 
probability that these events occur in succession is 


k (n — k)\(n — a)!k 


| 
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Also solved by D. S. Adorno, R. G. Albert, Peter Beisswanger, A. P. Boblétt, Julian Braun, 
D. A. Breault, J. L. Brown, Jr., W. J. Cahill, P. L. Chessin, A. G. Clark, R. M. Conkling, E. L. 
Ellis and D. L. Muench (jointly), William Faris, N. J. Fine, Fred Galvin, L. D. Goldberg, Michael 
Goldberg, Edwin Goldfarb and R. W. Simister (jointly), A. G. Grace, Jr., R. E. Greenwood, J. H. 
Hodges, A. R. Hyde, Elaine Johnson, Irwin Kabus, Norbert Kaufman, A. F. Kaupe, Jr., D. A. 
Kearns, J. D. E. Konhauser, Sam Kravitz, W. H. Kruskal, W. E. Lawrence, Joe Lipman, Peter 
McManus, D. C. B. Marsh, Helen Marston, Leo Moser, T. H. Mott, Jr., J. B. Muskat, C. S. 
Ogilvy, C. A. Reiher, Azriel Rosenfeld, R. E. Shafer, Jack Silver, Paul Slepian, R. H. Wilson, Jr., 
David Zeitlin, and the proposer. 

The problem was located in W. Feller, Theory of Probability, vol. 1, prob. 12, p. 59 (1st ed.) or 
prob. 22, p. 60 (2nd ed.). 


Composite Values of a Polynomial 
E 1320 [1958, 366]. Proposed by G. S. Stoller, Polytechnic Institute of Brooklyn 


(a) Let P(x) be any polynomial in x with integral coefficients. Prove that 
there exists an infinite number of integers ¢ such that P(t), P(t+1),---, 
P(t+m) are all composite for any given positive integer m. 

(b) Let P(x) =x?+1. Find a value of ¢ satisfying part (a) for m=5. 


Solution by Virginia S. Hanly, North American Aviation, Columbus, Ohio. 
(a) Let k be arbitrary such that | P(k)| >1 and x2 implies | P(x) | monotone 
increasing. Let u be the least common multiple of the numbers | P(k)| : 
|P(k+1)|,---, |P(k+m)|. We set t=u+k. Consider P(t+i) for i=0, 1, 
2,---+,m. We have P(t+1)=P(k+12) mod u. Thus P(k++%) is a proper divisor 
of P(t+7) so that P(t+7) is composite. 

(b) In the case of the function P(x) =x?+-1 with m=5 we may choose k=1 
to obtain the value l.c.m. (2, 5, 10, 17, 26, 37) +1 =81,771 for ¢. 


Also solved by R. G. Albert, W. J. Blundon, N. J. Fine, Fred Galvin, Sidney Kravitz, Joe 
Lipman, D. C. B. Marsh, Leo Moser, D. S. Passman, Jeff Scargle, R. E. Shafer, Jack Silver, W. A. 
Veech, and the proposer. 

None of the methods developed for determining ¢ in part (a) led to the least value of ¢, namely 
t=27, for part (b). 

Moser pointed out that the result is an immediate consequence of the following theorem of 
H. Heilbronn (Uber die Verteilung der Primzahlen in Polynomen, Mathematische Annalen 104 
(1931), pp. 794-799). If f(x) is a nonconstant integer-valued polynomial, then there exists a con- 
stant c such that for every m the number of primes in the set f(1), f(2), - - +, f(m) is less than 
cm/log m. 


AN INTERESTING PYTHAGOREAN TRIANGLE 


Victor Thébault notes an interesting Pythagorean triangle in which the two 
perpendicular sides are integers having the same digits in reverse order, viz., 
88209 and 90288, the hypothenuse being 126225. 


ADVANCED PROBLEMS AND SOLUTIONS 
EpITEp By E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well- 


known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4822. Proposed by J. deGroot, University of Amsterdam, Netherlands 


Prove that the additive group R of rational numbers is (up to isomorphisms) 
the only group satisfying the following conditions: (1) R is abelian, (2) R is 
infinite, and (3) every endomorphism (that is a homomorphic mapping of R in 
itself) is either an automorphism or a mapping on the null element. 


4823. Proposed by G. Matthews, St. Dunstan's College, Catford, England 


Let X be a lower-semi-matrix whose elements x;; (7, 2, 3, are 
independent variables if j7 <i and zero if j>i, and let D be the differential oper- 
ator matrix defined by D;;=0/dx;; if Diz=0 if j>i and Dis= 
Prove that D(X?) =2X, and hence by induction that D(X") =nX"—', where n is 
any positive integer greater than 2. 


4824. Proposed by D. J. Newman, AVCO Research and Development, Wil- 
mington, Mass. 


Let ABCD be a rectangle, AB=1, BC=2. Suppose that it is conformally 
mapped onto the upper half plane. If A—a, Bb, C-+c, Dd, exhibit an ele- 
mentary relation between a, b, c, d. 


4825. Proposed by J. J. Schiffer, University of Uruguay 


Prove that in any n-dimensional (real or complex) Euclidean space, »>1, 
and indeed in any Hilbert space, every point x, ||x|]|<1 may be written x 
= )°"., fi(x), where fi(x), - - - , fm(x) is a fixed finite set of functions which are 
defined and uniformly continuous in ||x||<1 and satisfy ||f,(x)||=1 for i 
=1, +--+, mand for all ||x|| <1. 

From this result it follows at once that if € is the Banach space of all bounded 
continuous functions ¢(¢) of a real variable ¢ with values in any Hilbert space of 
dimension >1 (with the norm of the supremum), the set of ¢(#)€€ with 
\|p(¢)|| =1 identically contains a linear basis of G. 


4826. Proposed by M. S. Klamkin and L. A. Shepp, AVCO Research and 
Development, Wilmington, Mass. 


If $(x) ---, express (1) in terms of 
¢$(2—+/3), thus obtaining a more rapidly converging expansion. 
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4827. Proposed by J. Gallego-Diaz, Vanderbilt University 
If the development of the function y=f(x) is given by 


+ asx? + +---, 
find a function y knowing that if we invert the series we get 
ay — + — ay? 
SOLUTIONS 
Maximal Ideals in a Ring 


4761 [1957, 676]. Proposed by Alfredo Jones, Institute of Mathematics and 
Statistics, Montevideo, Uruguay 


In a ring with identity and with proper ideals, there always exist maximal 


ideals. Is the statement true for rings with a nontrivial multiplication and with 
no identity? 


Solution by E. A. Walker, New Mexico A & M State College. Let R be the 
rational numbers. Define multiplication in the additive group ROR by (r, s) 
-(r’, s')=(0, rr’). With this multiplication, R@R becomes a ring with proper 
ideals, nontrivial multiplication, and no identity. Let I be a proper ideal in this 
ring. The set R, of first coordinates of the elements of J is not R, because then J 
would be R@R. Let R; be a proper subgroup of R properly containing R;. Then 
R.@R is a proper ideal properly containing J. Thus the anwer is no. 


Also solved by E. R. Gentile, K. G. Wolfson, and the proposer. 

Editorial Note. The solver felt that the reader will be aware that the additive group R has no 
maximal subgroups (whence there must exist an R2 as stated above.) However, at the Editor’s 
request, he supplies the following proof. 

Let be a proper subgroup of R. Let R, Some non-zero multiple na is in R;. Let 
be the subgroup of R generated by Ri and a. If then a/n=r+ka, Ri, k an integer. 
Therefore a=nr,+kna. But nrni€ Ri, kna€ R;. Hence a€ Ri, and this contradiction proves a/n€ Re. 


Hence Ri <R2<R. 
An Algebraic Identity 
4778 [1958, 211]. Proposed by R. C. Lyness, Preston, England 


Given f(r) =a"(8—y) +8'(y —a) +7"(a—8) in which a, 8, y are nonzero and 
distinct. If m is a positive integer and f(m+1) =0, prove that 


f(n + 2)f(n) = a®By(B — v)(y — a)(a — B)f(—n). 


Solution by D. C. B. Marsh, Colorado School of Mines. From the product rule 
for determinants, the following identity is evident: 


f(n+2) f(n+1) antl gett | (@—y) 0 
0 0 1 v(a—B) 1 


Replacing each by its expansion, one obtains 
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f(n + 2)f(n) — P(n + 1) 
= — + y"'a"(y — a) + — B)}{ (8 — — a)(a — B)} 
= — — a)(a — 8) -f(—n). 

Setting f(m+1) =0 gives the announced result. There need be no restriction on m. 


Also solved by A. H. Aheart, A. P. Boblétt, L. Carlitz, A. E. Danese, E. S. Eby, E. L. Ellis 
and D. L. Muench, A. B. Farnell, J. W. Haake, J. H. Hodges, R. D. James, Norbert Kaufman, 
Irving Kay, J. D. E. Konhauser, A. E. Landry, J. A. Larrivee, Gerald Leibowitz, O. E. Lewis, Joe 
Lipman, Yoshio Matsuoka, M. F. Neuts, Kyu Sam Park, F. D. Parker, Paul Payette, F. W. 
Ponting, Siya Ram, Benjamin Sapolsky, Marlow Sholander, Arnold Singer, T. H. Slook, Robert 
Spira, Chih-yi Wang, Harry Weingarten, David Zeitlin, and the proposer. 


Total Variation 
4779 [1958, 211]. Proposed by Solomon Leader, Rutgers University 
Let f(x) = | x—k| for k—4x<k+43, where k runs through the integers, and 


8n(x) = 10~*f(10"x). 


(Lim... ga(x) is Van der Waarden’s example of a continuous, nowhere differ- 


entiable function.) Let ||g,l| be the total variation of g, on the interval (0, 1). 
Find lima... g,l|. 


Solution by the proposer. From the definition of f(x) we have for every integer 
k: 
+1 fork<x<k+ 4 
f'(x) = { 
—1 fork +}<x<k+1. 
Thus 


+1 for k/10” < < k/10” + 5/10°*1 
—1 for k/10” + 5/10°t! < x < (k + 1)/10. 


For x in (0, 1) and not a decimal fraction of order y+1, consider the decimal ex- 
pansion of x, x= Then 


+1 for x41 = 0, 1, 2, 3,4 
-1 for x41 = 5, 6, 7, 8, 9. 


f’(10"%) = { 


= { 
For x not a decimal fraction of order ” we have 
n—1 
gn (x) = 
v=0 


Let m be the number of digits less than 5 occurring in the first places of the 
decimal expansion of x. Then gn (x)=m—(n—m)=2m—n. Now there are 


— 
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(%)5" decimal fractions of the form .x:x%2 - - - x, having m digits less than 5 and 
n—m digits equal to 5 or more, For each such decimal fraction we have for 
over (},)5" intervals of length 1/10", giving a total length (%,)/2*. 

Now ||gql| = fo| gn (x)| dx. So 


= | 2m / 


which is just twice the mean deviation of the number m of heads in n tosses of a 
coin. The expectation of m is n/2 and the standard deviation of m is »/n/2. Since 


nim —n/2\/n\ 1 
Vn/2 


and the binomial distribution converges to the normal distribution, we have 


1 
= 


Vn 
= xe? = 
o 
Also solved by Robert Breusch. 
Equiproduct Points 


4780 [1958, 212]. Proposed by M. S. Klamkin and D. J. Newman, AVCO 
Research and Development, Wilmington, Mass. 


An equiproduct point of a curve is defined to be a point such that the product 
of the two segments of any chord through the point is constant. (1) Show that 
if every point inside a curve is equiproduct, the curve must be a circle. (2) What 
is the maximum number of equiproduct points a noncircular oval can have? 


Editorial Note. The problem is not new. For solution and discussion see problem E 705 [1946, 
395] and [1947, 164]. In the latter reference will be found a discussion of a paper by K. Yanagihara 
in the Tohoku Mathematical Journal (1917) touching on the same problem, together with anal- 
ogous theorems for three dimensional space. The principal result is the theorem: A convex closed 
curve having two distinct interior equiproduct points is a circle. 

Solved by Robert Breusch, Michael Goldberg, Marlow Sholander, and (partially) by Sidney 
Glusman, Ronald Graf, and the proposers. 


A Polynomial Assuming Positive Values Only 


4781 [1958, 212]. Proposed by J. L. Massera, Mathematics Institute, Monte- 
video, Uruguay 


Let f(x, fe -) = ao(y, Z,°°° + ay(y, + 
+a,n(y, z, - +--+), where the a; are any real functions defined in any region G of 
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the (y, 2, - - - )-space. Let g(y, 2, - - - ) be any real function defined in G and 
construct f*(x, y, 2,:--:)=f+gfet+g°fez+ ---. Then, if f20 in the cylinder 
K=GX{x: —» <x<+}, we have f*20 in K. More precisely, if the a; do 
not vanish simultaneously in G, f*>0 in K except at points where f=g=0. 


Solution by Robert Breusch, Amherst College. There seems to be no significant 
difference in content between the given theorem and the following: 

If f(x) +--+ +a, (a; constant, a9%0), if f(x) 20 for every x 
(thus ” even, ao>0), if g is a constant distinct from zero, then f*(x) =f(x) +g-f' (x) 
(x) + --- +g"-f™(x)>0 for every x. 


Proof. We have 
(1) f*(x) = f(x) + g-f*’(x) 


where f*’(x) is the derivative of f*(x). f*(x) is again a polynomial of even degree, 
with a positive highest coefficient. Thus f*(x) is positive for large x. If f*(x) has 
a minimum at x=c, then f*’(c)=0. Thus, from (1), f*(c) =f(c) 20. Therefore 
f*(x) must be nonnegative for every x. In order to show that f*(x) must be 
positive (that is, f(c) ¥0), we solve the differential equation (1), obtaining 


1 2 
(x) en f e-*/9f(x)dx + f*(o) 
g 

Since the integrand is nonnegative, the integral will be positive or negative, 
depending on the sign of x—c. Thus, if f*(c) were zero, f*(x) would be negative 
for some x, which contradicts the previously-established fact that f*(x) is non- 
negative for all x. 


Also solved by the proposer. 


RECENT PUBLICATIONS 
EDITED By RICHARD V. ANDREE, University of Oklahoma 


All books jor review should be sent directly to R. V. Andree, Department of Mathematics, 
University of Oklahoma, Norman, Oklahoma, and not to any of the other editors or officers of 
the Association, 


Note. Readers may be interested to know that section 135.215a of the new 
(August 1958) U. S. Postal Rates provides a special rate of 4 cents for the first 
pound and 1 cent for each additional pound on books and other library mate- 
rials, whether printed, photographed, duplicated or typed (including unpublished 
manuscripts), which are being loaned or exchanged (not sold) between educational 
institutions and/or nonprofit organizations or associations. The wrapper should 
be marked LIBRARY MATERIALS to qualify for this special rate. 
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Problems in Euclidean Space. Application of Convexity. By H. G. Eggleston. 
Pergamon Press, New York, 1957. viiit+165 pp. $6.50. 


This book contains the Adams Prize Essay of the University of Cambridge 
1955-6. Professor Eggleston presents the material contained in a series of his 
own research papers as discussions of ten problems. Problems range from ones 
concerned with meromorphic functions and planar homeomorphisms to closest 
packing problems. Mathematicians who proposed some of the problems include: 
W. Gross, S. M. Ulam, A. S. Besicovitch, C. H. Dowker, Ellen F. and R. C. 
Buck, and the reviewer. The book is of interest to research workers in geometry, 
topology, and analysis for its results and for the methods used. 

PRESTON C. HAMMER 
University of Wisconsin 


Introduction to Riemann Surfaces. By George Springer. Addison-Wesley, Read- 
ing, Mass., 1957. viii+307 pp. $9.50. 


The book deals with abstract Riemann surfaces and their connection with 
algebraic functions and their integrals. It is not a survey of the subject, but is 
“a modern presentation of the classical theory which will prepare the reader for 
further study in this and related fields.” It is the first book of its nature written 
in English, and is certainly a long-awaited text due to the increase of interest 
in the subject. 

The book begins with an Introduction, which bridges the gap between the 
classical and abstract notions and outlines the goals of the study together with 
their means. The second chapter, on General Topology, discusses the basic no- 
tions to be used for defining an abstract Riemann surface or analytic manifold. 
It is shown in Chapter 3 that the Riemann surface of an analytic function is 
also an abstract Riemann surface. Chapter 4 on Covering Manifolds and Chap- 
ter 5 on Combinatorical Topology include such topics as covering surfaces, 
fundamental groups, triangulation, orientability, normal forms of surfaces and 
homology groups. In Chapter 6, differentials and their integrals on a surface 
are considered. These differentials form a Hilbert space, which is studied in 
Chapter 7. The existence of harmonic and analytic differentials and functions 
on the abstract Riemann surfaces is given in Chapter 8; the problem of finding 
a uniformizing parameter over the whole surface and automorphic functions 
are taken up in Chapter 9; and, finally, the meromorphic functions and multi- 
ple-valued functions on the Riemann surface are studied in Chapter 10, which 
connects the study of closed Riemann surfaces and the study of algebraic func- 
tions as planned. 

The book is written with unusual clearness. As in the Introduction, which 
outlines the whole book, similar lines appear in each Chapter. There are a list of 
references, an index, and a collection of exercises at the end of each chapter. 
The author spends almost one-third of the book presenting a modern treatment 
in a self-contained manner with a minimum assumption of knowledge—a knowl- 
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edge of elementary complex function theory and some real variables and alge- 
bra. He is most successful in this magnificent project. The book offers not only 
an excellent treatment of Riemann surfaces, but also an excellent introduction 
to Topology, Hilbert-space theory and other important mathematical notions. 
It is highly recommended as a text in its field. 

T. K. Pan 

University of Oklahoma and 

National Taiwan University 


Circles. By D. Pedoe. Pergamon Press, New York, 1957. x +78 pp. $3.75. 


The prestige of the circle is great. It was deemed to be the only curve fit to 
be used in geometrical constructions, with the assistance of the straight line 
(Plato), and even that help may be dispensed with (Mascheroni). Celestial 
bodies could follow no other path but the perfect one—a circle. Biologists un- 
graciously point out that nature, in fashioning the organisms of the animal 
kingdom, has no use for the circle. But Pedoe is still sure that the circle can be 
used to make friends for—and influence people in favor of—mathematics. 

He begins by treating his readers to a few choice bits (or bites?) of modern 
geometry of the triangle and the circle—and real titbits they are—served in a 
most attractive way. The elements of the theory of inversion, thrown in for good 
measure, enable the author, among other things, to exhibit later Poincare’s 
model of Lobacevskian geometry. He shows the advantages that may be de- 
rived from the study of the circle by the fact that both the circle in the plane 
and a point in three-space are determined by three parameters. He even braves 
the difficulty of trying to convince the reader of the isoperimetric property of the 
circle. 

All this is accomplished with elementary means, in an elegant manner, in 
the space of a small and slender volume of a few dozen pages. It is to be re- 
gretted that, presumably, this economy of space made the author resist the 
temptation of enhancing the reader’s pleasure by including some historical data, 
or egging on the curiosity of the reader by a few bibliographical references. 


NATHAN ALTSHILLER CouRT 
University of Oklahoma 


Elements of Modern Abstract Algebra. By Kenneth S. Miller. Harper, New 
York, 1958. vii+188 pp. $5.00. 


Professor Miller has produced in this text a display of mathematical auster- 
ity for “upperclassmen mathematics majors or beginning graduate students.” 
The book is presented in four parts: groups, rings and ideals, fields, sets. It is a 
compact affair which hurries the reader along from the definition of a group 
(page 1), through homomorphism theory and the Jordan-Hélder Theorem, to 
the basis theorem for finite abelian groups (page 49). This pace keeps up 
throughout the book, and by the time page 184 is reached the reader has been 
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exposed to ideals, the Hilbert Basis Theorem, finite fields, Zorn’s Lemma, and 
much more. To pursue the subject so relentlessly is not hard if one is willing to 
keep his eyes on the center of the road and dares only to glance at the country- 
side. From remarks in the preface (which contains a reference to “ideals in the 
field of real numbers”), this relentless pursuit seems to be the author’s goal; and 
the reviewer must congratulate the author for standing by his promise. To do 
so much in so short a space, of course, entails the omission of something—and 
there isn’t much choice. In presenting a theorem, one can hardly omit the state- 
ment of the theorem; once a theorem is stated, the reader expects shortly to see 
a proof; and examples are nice to have. That leaves motivation, history, ap- 
plication, etc., as the only possible exclusions and, except for a slight bow now 
and then to these considerations, they are excluded. The chapters remain un- 
spoiled by problems until the end. 

Is this bad? It depends on how the text is used. With so little history and 
application, there is plenty of room for the teacher to ply his trade, and so some 
might like it. It’s quite like “instant algebra” in that something needs to be 
added. On the other hand, the undergraduate who can read this book and enjoy 
it without instruction doesn’t need to read it—he can go on to Jacobson for 
bigger and better thrills. 

The author has some disconcerting habits. We mention a few. 

(1) Every display is an “equation,” a typical example being “Equation 
1.16”: G, Gis, Gs, Gi. 

(2) Some theorems do not “fit in” as they should. For example, Theorem 12 
of Chapter I would be better presented if it preceded Theorem 10. Theorem 4 of 
Chapter II implies Theorem 3. 

(3) Examples are not always instructive: one example of a ring without 
identity is lost to the reader who is not familiar with the Dirac 6-function. 

(4) Some results are never subsequently used, so that the reader can only 
wonder about their inclusion. 

The book contains relatively few errors. Helpful “identifications” are made 
in cases where some authors persist in pedantry, and there are but a few theo- 
rems or proofs which are unnecessarily complicated. The section on sets (an 
appendix) is nice to have, and applications are given. 

ROBERT J. WISNER 
Haverford College 


Commutative Algebra, Vol. I. By Oscar Zariski and Pierre Samuel. University 
Series in Higher Mathematics, Van Nostrand, Princeton, 1958. xi+330 pp. 
$6.95. 


The authors approach modern algebra in this book from a sophisticated view- 
point. The theory of the structure of rings is developed in as general a way as 
feasible except for the assumption of commutativity. Since this book is intended 
as a companion to the second volume, to be published on algebraic geometry, 
the restriction is natural. Despite its dual purpose, the book is an excellent 
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reference book on commutative algebra. 

As a reference book, it contains no problems; the function of illustrating the 
theory is adequately served by copious “remarks” and “examples.” An occa- 
sional minute detailing of a proof is an interesting exercise but has little place 
in a reference book. Luckily, such tendencies are restricted to the first chapter. 

Careful indexing of the extensive collection of definitions makes them readily 
available for reference. The definitions are introduced in the text as they are 
used ; some are even dragged in where they might be omitted in order to make the 
list more complete. 

The first three chapters contain “basic definitions and properties of algebraic 
structures.” Chapter I introduces most of the basic systems: groups, rings, fields, 
polynomial rings, and vector spaces. Chapter II develops the theory of extension 
fields. Chapter III is concerned with ideals and modules and the structure of 
rings developable from them. 

The last two chapters restrict the basic ring and develop further the structure 
theory of the specialized rings. Chapter IV is primarily restricted to Noetherian 
rings while Chapter V develops the theory of integral dependence and of Dede- 
kind domains. 

The writing is uneven in quality and at times suffers from the dry, fre- 
quently dull style so common in mathematical papers; but it has the overwhelm- 
ing compensation of being almost always clear. In part the authors and in part 
the publisher are responsible for many small errors ranging from broken letters 
in the type to questionable or even incorrect statements. A random count on 
twenty pages yielded at least eight such flaws, none of which seriously affected 
the readability of the pages. Also, the format of the book is variable. In particu- 
‘lar, Chapter V is quite different in form from the previous ones. 

The book is clearly written, presenting in a sophisticated comprehensive way 
a connected body of material, much of which was not previously available in 
book form. The index of definitions alone would be sufficient to persuade this 
reviewer to recommend to every mathematician that he include Commutative 
Algebra in his reference library. : 

DonaLp A. NorTON 
University of California, Davis 


BRIEF MENTION 


Advances in Applied Mechanics, Vol. 5. Edited by H. L. Dryden, Th. von 


Karman, and G. Kuerti. Academic Press, New York, 1958. x+459 pp. 
$12.00. 


The fifth volume of Advances in Applied Mechanics contains surveys and 
reviews of research in applied mechanics. The volume is divided into seven por- 
tions. These are: Supersonic Air Ejectors, Unsteady Airfoil Theory, The Theory 
of Distributions, Stress Wave Propagation in Rods and Beams, Problems in 
Hydromagnetics, Mechanics of Granular Matter, and Condensation in Super- 
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sonic and Hypersonic Wind Tunnels. The individual papers will undoubtedly 


be reviewed in appropriate journals. We call this volume to our readers’ atten- 
tion. 


Algebraic Geometry and Topology. A symposium in honor of S. Lefschetz. Ed. by 
R. H. Fox, D. C. Spencer, and: A. W. Tucker. Princeton University Press, 
New Jersey, 1957. viii+399 pp. $7.50. 


What more appropriate birthday present could there be for a great mathe- 
matician than a collection of contemporary research papers which have de- 
veloped from his own basic work? The individual papers in this volume will 
undoubtedly be reviewed in appropriate journals; indeed, several of them have 
already been so reviewed. We commend this collection to readers interested in 


mathematics in general as well as those interested in algebraic geometry and 
topology. 


Algebra. By W. L. Ferrar. Oxford University Press, New York, 1958. vii+220 
pp. $2.80. 


Professor Ferrar has added a chapter on latent vectors to his 1941 textbook 
on determinants, matrices, and algebraic forms. 


Analytic Geometry of Three Dimensions. By George Salmon. Seventh Edition. 
Chelsea, New York, 1958. xxiv+470 pp. $4.95. 


The printing of this volume, which was already in its fourth edition in 1882, 
later revised by Reginald A. P. Rogers in 1911, and the revision re-edited into 
the (current) seventh edition by C. H. Rowe in 1927 probably sets some sort of 
record for longevity in 19th and 20th century books. 


Calculus of Finite Differences. By George Boole. Fourth Edition. Chelsea, New 
York, 1958. xii+336 pp. $4.95. 


Another old-timer, Boole’s 1860 treatise, revised somewhat by John F. 
Moulton in 1872. 


College Mathematics. By Kaj L. Nielsen. Barnes and Noble College Outline 
Series, New York, 1958. xviii+302 pp. $1.95. 


This outline, keyed to the general course intended for students who do not 
plan to continue the study of mathematics, contains fifteen pages of sample 
examination questions along with answers thereto. 


Modern Computing Methods. N. P. L. Staff. Philosophical Library, New York, 
1958. vi+129 pp. $8.75. 


These notes are based on lectures from a course on “Computers for Electrical 
Engineering Problems” presented to representatives of industrial firms. Perhaps 
the best feature of the volume is the twelve-page annotated bibliography (before 
1956) which is appended. 
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Notes on Analog-Digital Conversion Techniques. Edited by Alfred K. Susskind. 
Wiley, New York, 1957. x +410 pp. $10.00. 


These notes, the results of intensive one-week courses presented in the sum- 
mers of 1956 and 1957 at Massachusetts Institute of Technology, present the 
subject matter for a practicing engineer having only moderate sophistication. 
In addition to an introductory chapter, which discusses systems in general, there 
are chapters on Sampling and Quantizing, Codes, Digital Circuits, Coding and 
Decoding Techniques for Electrical Signals, Coding and Decoding Techniques 
for Translational and Angular Motion, Design of a Digital Instrumentation 
System, and Optical Coders for DFTI. 


Basic Geometry. By George D. Birkhoff and Ralph Beatley. Chelsea, New York, 
1958. 294 pp. $3.95. 


It seems most appropriate that this book, first published by the authors in 
an experimental edition in 1933 and later published by Scott, Foresman and 
Company in 1940-41, be reprinted at this time. Certainly anyone interested in 
teaching geometry or in writing a text on geometry could well spend a few 
hours studying this book. 


NEWS AND NOTICES 
EpITED By LLoyp J. MontziINGo, Jr., University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to L. J. Montzingo, Jr., Mathematical Association of America, University of 
Buffalo, Buffalo 14, New York. Items must be submitted at least two months before publica- 
tion can take place. 


MAGAZINES FOR FRIENDSHIP, INC. 


Please do not throw away this issue. If you do not regularly file or pass your copies on 
after reading them, why not participate in the Magazines for Friendship Program? This 
nonprofit organization will provide you with selected names of foreign scholars, teachers, 
universities and libraries eager to receive learned U. S. publications, even old ones. For 
complete details, please send a stamped, self-addressed envelope to Magazines for 
Friendship, Occidental College, Los Angeles 41, California. 


VISITING ASSOCIATESHIPS IN TEST DEVELOPMENT 


Two Visiting Associateships in Test Development are being offered to secondary 
school or college teachers by the Educational Testing Service, one in Science and one in 
Mathematics. The appointments will be for July and August, 1959. The Associates wiil 
work primarily on tests at the college-entrance and higher levels. They will analyze exist- 
ing tests and work on planning new ones. The stipend is $700 plus transportation to and 
from Princeton. Application forms must be submitted by February 27, 1959. All in- 
quiries should be addressed to Mrs. W. Stanley Brown, Test Development Division, 
Educational Testing Service, 20 Nassau Street, Princeton, New Jersey. 


| 


1959] 


NEWS AND NOTICES 77 


NSF SUMMER INSTITUTES FOR MATHEMATICS AND STATISTICS 


The National Science Foundation has announced the following institutes in the sum- 
mer of 1959 for college and high school teachers of mathegnatics. Inquiries about a par- 
ticular institute should be sent to the Director named for that institute. Unless otherwise 
indicated, the Director is located at the same institution as the institute. The group of 
teachers for whom an institute is intended is given following the dates according to the 


following code: C—College, J7 ~Junior College, HS—High School, JHS—Junior High 
School, SHS—Senior High School. 


Mathematics 


Arizona State University, Tempe, June 22-July 31: HS. Lloyd L. Lowenstein. 

University of Arizona, Tucson, June 8-July 18: JHS. Millard G. Seeley. 

Loyola University, Los Angeles, Calif., June 22-July 31: J&SHS. B.R. Wicker. 

San Jose State College, San Jose, Calif., June 22-July 31: HS. Max Kramer. 

University of Santa Clara, Santa Clara, Calif., June 22-August 1: HS. Irving Sussman. 

University of California, Berkeley, June 22-July 31: J&SHS&C. Frantisek Wolf. 

University of California, Los Angeles, July 6-August 28: C. C. B. Tompkins. 

University of Southern California, Los Angeles, June 22—July 31: C. D. Victor Steed. 

Catholic University of America, Washington, D. C., June 29-August 7: SHS. Raymond W. 
Moller. 

Georgetown University, Washington, D. C., July 6-August 14: SHS. Malcolm W. Oliphant. 

Eastern Illinois University, Charleston, Ill., June 15-August 7: JHS-HS. Lawrence A. Ring- 
enberg. 

Knox College, Galesburg, Ill., July 6-August 14: HS. Rothwell Stephens. 

Northwestern University, Evanston, Ill., June 22-August 15: J&SHS. E. H. C. Hildebrandt. 

Ball State Teachers College, Muncie, Ind., July 20-August 21: HS-C. Charles F. Brumfiel. 

Indiana University, Bloomington, June 29-August 7: SHS. Mrs. Marie S. Wilcox, Thomas 
Carr Howe High School, Indianapolis, Ind. 

University of Notre Dame, Notre Dame, Ind., June 19-August 4: J&SHS. Arnold E. Ross. 

Purdue University, Lafayette, Ind., June 8-July 31: SHS. M. Wiles Keller. 

Purdue University, Lafayette, Ind., June 8-July 31: J&SHS. G. N. Wollan. 

Drake University, Des Moines, lowa, June 8-July 17: J&SHS. Basil E. Gillam. 

Iowa State College, Ames, June 8-July 18: C. J. A. Greenlee. 

State University of Iowa, lowa City, June 22-August 2: SHS. Lloyd A. Knowler. 

Fort Hays Kansas State College, Hays, Kan., June 3—-July 30: J&SHS. W. Toalson. 

Kansas State College, Manhattan, June 15—August 7: HS. Leonard E. Fuller. 

University of Kansas, Lawrence, June 8-August 1: SHS-C. G. Baley Price. 

Washburn University of Topeka, Topeka, Kan., June 10-August 5: JHS. Laura Z. Greene. 

Bowdoin College, Brunswick, Me., June 29—-August 8: SHS. Dan E. Christie. 

University of Maine, Orono, July 6-August 14: SHS. S. H. Kimball. 

University of Maryland, College Park, June 22-July 31: JHS. John Brace. 

Boston College, Chestnut Hill, Mass., July 6-August 14: J&SHS. Rev. Stanley J. Bezuszka, S.J. 

Clark University, Worcester, Mass., June 28-August 14: SHS&JC. Charles T. Bumer. 

College of the Holy Cross, Worcester, Mass., June 29-August 7: J&SHS. Rev. Raymond J. 
Swords, S.J. 

University of Massachusetts, Amherst, June 29—August 14: J&SHS. Robert W. Wagner. 

Central Michigan College, Mt. Pleasant, Mich., June 22-July 31: JHS-HS. Lester H. Serier. 

Eastern Michigan College, Ypsilanti, Mich., June 22—July 31: SHS. Robert S. Pate. 

University of Michigan, Ann Arbor, June 29—August 8: SHS. Bernard A. Galler. 

Wayne State University, Detroit, Mich., June 22—August 14: J&SHS. Karl W. Folley. 

Western Michigan University, Kalamazoo, Mich., June 22-July 31: SHS. Charles H. Butler. 
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St. Louis University, St. Louis, Mo., June 15-July 24: JHS-HS. Francis Regan. 
Southwest Missouri State College, Springfield, Mo., June 15-July 24: JHS. Carl V. Frona- 
barger. 
Montana State College, Bozeman, July 20-August 21: J&SHS. Adrien L. Hess. 
Montana State University, Missoula, June 29-August 7: C. Frederick H. Young. 
Princeton University, Princeton, N. J., June 29-August 7: HS&C. J. A. Farrington, Jr. 
Rutgers, the State University, New Brunswick, N. J., June 29-August 7: J&SHS. Emory P. 
Starke. 
Montclair State College, Upper Montclair, N. J., June 29-August 7: J&SHS. Max A. Sobel. 
University of New Mexico, Albuquerque, June 20-August 14: J&SHS. Frank C. Gentry. 
Brooklyn College, Brooklyn, N. Y., July 6-August 7: J&SHS. Carroll W. Grant. 
University of Buffalo, Buffalo, N. Y., July 6-31: HS. Harriet F. Montague. 
Teachers College, Columbia University, New York, July 6-August 14: SHS. Howard F. Fehr. 
Hamilton College, Clinton, N. Y., June 29—August 22: J&SHS. Brewster H. Gere. 
Hunter College, New York, July 1-August 8: J&SHS. Jewell Hughes Bushey. 
New York State College for Teachers, Albany, N. Y., June 29-August 8: J&SHS. Edgar W. 
Flinton. 
University of Rochester, Rochester, N. Y., June 29-August 8: SHS. William A. Fullagar. 
Syracuse University, Syracuse, N. Y., June 29-August 8: J&SHS. Robert B. Davis. 
Duke University, Durham, N. C., June 15-July 24: C. J. J. Gergen. 
Baldwin-Wallace College, Berea, Ohio, June 22—July 31: SHS. Dean L. Robb. 
Case Institute of Technology, Cleveland, Ohio, June 21-July 31: J&SHS. Paul E. Guenther. 
University of Cincinnati, Cincinnati, Ohio, June 26-August 7: SHS. H. David Lipsich. 
Kent State University, Kent, Ohio, June 22—August 14: SHS. Kenneth B. Cummins. 
Oberlin College, Oberlin, Ohio, June 15-August 7: SHS. Wade Ellis. 
Oklahoma State University, Stillwater, June 15—July 25: J&SHS-C. James H. Zant. 
Oregon State College, Corvallis, June 22—August 14: J&SHS. Albert R. Poole. 
University of Oregon, Eugene, June 22—August 15: J&SHS. A. F. Moursund. 
Portland State College, Portland, Ore., July 13-August 28: HS. Robert W. Rempfer. 
Reed College, Portland, Ore., June 20—August 14: J&SHS-JC. Burrowes Hunt. 
Lehigh University, Bethlehem, Pa., June 22—-August 1: SHS. Clarence A. Shook. 
University of Pittsburgh, Pittsburgh, Pa., June 22—August 14: HS. John C. Knipp. 
Seton Hill College, Greensburg, Pa., June 29-August 7: J&SHS. Sister Mary Thaddeus. 
Catholic University of Puerto Rico, June 22—July 31: J&SHS. K. C. Schraut, University of 
Dayton, Dayton 9, Ohio. 
University of Puerto Rico, Mayagiiez, Puerto Rico, June 8-July 17: J&SHS. Mariano Garcia. 
University of South Carolina, Columbia, June 15—August 10: HS-C. W. L. Williams. 
Memphis State University, Memphis, Tenn., June 8—July 10: SHS. H. S. Kaltenborn. 
Vanderbilt University, Nashville, Tenn., June 8—-July 31: J&SHS. E. Baylis Shanks. 
East Texas State College, Commerce, Tex., June 3-July 14: SHS. Roy N. Jervis. 
Our Lady of the Lake College, San Antonio, Tex., June 3-July 16: H.S. Sister M. Laetitia Hill. 
Southern Methodist University, Dallas, Tex., July 15-August 25: J&SHS. Joe P. Harris, Jr. 
University of Vermont, Burlington, June 29-August 14: SHS. N. James Shoonmaker. 
State College of Washington, Pullman, June 15—-August 7: SHS. Sidney G. Hacker. 
Western Washington College of Education, Bellingham, Wash., June 22—August 21: HLS. 
Harvey M. Gelder. 
University of Wyoming, Laramie, June 15—August 7: C. W. Norman Smith. 


Statistics 
North Carolina State College, Raleigh, June 8-July 17: C. F. E. McVay. 


Oklahoma State University, Stillwater, June 8—July 31: C. Carl E. Marshall. 
University of Wyoming, Laramie, June 15—-August 7: C. Edward C. Bryant. 
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NATIONAL REGISTER OF SCIENTIFIC AND TECHNICAL PERSONNEL 


On behalf of the Mathematical Association of America and various other mathemati- 
cal organizations, the American Mathematical Society is assembling and maintaining a 
register of mathematicians and mathematical scientists. The mathematics register is a 
section of the National Register of Scientific and Technical Personnel, which is an official 
responsibility of the National Science Foundation. The purpose of the Register is to 
provide up-to-date information on the scientific manpower resources of the United 
States. 

As a result of the splendid cooperation accorded to the project by most of the mathe- 
maticians and mathematical scientists who have received questionnaires to fill in, the 
mathematical section of the Register is now remarkably complete. However, there are 
still a few gaps to be filled in. 

If you have received a National Register questionnaire from the American Mathe- 
matical Society, won’t you please fill it in now and send it to the Headquarters Offices 
of the Society at 190 Hope Street, Providence 6, Rhode Island? 

If you have never received a questionnaire and feel that you are qualified for inclusion 
in the Register, please drop us a note to that effect at the above address. 


PERSONAL ITEMS 


Professor L. W. Cohen of the University of Maryland was the representative of the 
Association at the annual meeting of the American Council on Education held in Chi- 
cago on October 9 and 10, 1958. 

Dean Mina Rees of Hunter College represented the Association at the Inauguration 
of President H. W. Stoke of Queens College, New York, on Wednesday, October 22, 
1958. 

Brigham Young University: Associate Professor H. J. Fletcher has been appointed 
Chairman of the Mathematics Department; Assistant Professor Donald Robinson has 
been promoted to Associate Professor. 

The Florida State University: Associate Professor E. P. Miles, Jr., Alabama Poly- 
technic Institute, has been appointed Associate Professor; Dr. John Greever, University 
of Virginia, Dr. Gabriel Margulies, Indiana University, Dr. L. L. Lasman, North Caro- 
lina State College, and Dr. M. F. Tinsley, Ohio State University, have been appointed 
Assistant Professors; Mr. C. A. Brown and Mr. B. L. Sanders have been appointed In- 
structors. 

Georgetown University: Dr. F. G. Asenjo, University De La Plata, Argentina, Dr. 
J. E. LeBel, University of Toronto, and Mr. J. I. Hincke, United States Army, have been 
appointed to the Mathematics Faculty. 

University of Georgia: Professor M. K. Fort, Jr. has been awarded an Alfred P. Sloan 
Fellowship for 1958-59 and 1959-60; Associate Professor M. L. Curtis has been promoted 
to Professor; Dr. R. P. Hunter and Dr. J. J. Andrews have been appointed Assistant 
Professors. 

Rutgers, The State University: Assistant Professors Solomon Leader and K. C. Wolf- 
son have been promoted to Associate Professors; Mr. W. R. Jones has been promoted to 
Instructor; Dr. J. M. Danskin, Jr., Institute for Advanced Study, has been appointed 
Assistant Professor; Mr. Terence Butler, Indiana University, Mr. M. J. Greenberg, 
Princeton University, Dr. P. E. Martin, Harvard University, and Mr. Stephen Wein- 
gram, Princeton University, have been appointed Instructors. 

State College of Washington: Dr. Helmut Schaefer of Mainz, Germany, has been ap- 
pointed Associate Professor; Dr. T. R. Jenkins, Lockheed Aircraft Corporation, and 
Assistant Professor T. A. Newton, Colorado State University, have been appointed 
Assistant Professors; Dr. Tanjiro Okubo of the National Defense Academy, Yokosuda, 
Japan, has been appointed Visiting Assistant Professor for the present academic year. 
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University of Texas: Associate Professor W. T. Guy, Jr. has been appointed Acting 
Chairman of the Department of Mathematics; Assistant Professor F. N. Edmonds, has 
been promoted to Associate Professor and is on a research leave for the academic year 
1958-59; Assistant Professor E. J. Prouse has been promoted to Associate Professor; Dr. 
Ben Fitzpatrick, Jr. has been promoted to Assistant Professor; Dr. D. M. Young, Ramo- 
Woolridge, Los Angeles, has been appointed Professor and Director of the Computing 
Center. 

Mathematics Research Center, United States Army: Dr. R. N. Buchal, New York 
University, Dr. H. F. Bueckner, General Electric Company, Schenectady, New York, and 
Dr. A. Ghaffari, National Bureau of Standards, Washington, D. C., have joined the 
staff; Dr. Miklos Hetenyi, on leave from Northwestern University, began an appoint- 
ment at the Center and also holds a Visiting Professorship in Mechanics in the College 
of Engineering at the University of Wisconsin; Dr. J. A. Nohel, on leave from Georgia 
Institute of Technology, and Dr. A. L. Rabenstein, Massachusetts Institute of Technol- 
ogy, will spend a year at the Center; Dr. C. H. Wilcox, on leave from California Institute 
of Technology, and Dr. R. G. D. Steel, on leave from Cornell University, hold visiting 
appointments. 


Mr. John Abramowich, University of California, Berkeley, has been appointed In- 
structor at the University of British Columbia, Vancouver. 

Mr. R. J. Andree, Oklahoma State University, has accepted a position as Mathe- 
matical Analyst with Lockheed Missile Systems Division, Palo Alto, California. 

Associate Professor I. L. Battin, Drew University, has been appointed Professor at 
New Jersey State Teachers College, Trenton. 

Mr. Ralph Beals, University of Kentucky, is now a Teaching Assistant at North- 
western University. 

Professor R. F. Bell, on leave from Eastern Washington College of Education, is a 
Lecturer at the University of Michigan. 

Associate Professor Barney Bissinger, Lebanon Valley College, is spending the year 
on leave with the Statistical Research Group at Princeton University under a National 
Science Foundation Science Faculty Fellowship. 

Mr. T. H. Blackburn, Case Institute of Technology, has been appointed Professor 
and Chairman of the Department of Mathematics at Lenoir Rhyne College. 

Mr. K. Z. Bradford, University of Oklahoma, has accepted a position as Physicist 
with Hughes Aircraft Company, Culver City, California. 

Professor J. A. Brown, State University of New York, Teachers College at Oneonta, 
has been appointed Associate Professor at the University of Delaware. 

Mr. J. R. Brown, Oregon State College, is a University Fellow at Yale University 
Graduate School. 

Mr. C. M. Bruen, I.B.M. Corporation, has been promoted to Associate Mathemati- 
cian with I.B.M. Scientific Computation Laboratory, Endicott, New York. 

Professor Herbert Busemann, on leave from the University of Southern California, 
is a Visiting Professor at Harvard University. 

Mr. B. R. Buzby, Indiana University, has accepted a position as Research Mathe- 
matician with Metals Research, Electro Metallurgical Company, Niagara Falls, New 
York. 

Mr. A. J. Carlan, Hoffman Semiconductor Division, Evanston, Illinois, is now a 
Fellow at the Mellon Institute. 

Mr. R. K. Clark, Texas Christian University, has been appointed Teaching Assistant 
at the University of California, Berkeley. 

Mr. W. L. Congleton, Bell Telephone Laboratories, Murray Hill, New Jersey, has 


accepted the position of Electrical Engineer with Sylvania Electrical Products, Need- 
ham, Massachusetts. 


19. 


pa! 


= 
= 
Pr 
se 
of 
Co 
as 
se 
M 
of 
N 
1 
fe 
F 
( 
1 
] 
| 


1959] NEWS AND NOTICES 81 


Dr. S. D. Conte has been promoted to Manager of the Mathematical Analysis De- 
partment of the Space Technology Laboratories, Los Angeles, California. 

Associate Professor Byron Cosby, Jr., State University of Iowa, has been appointed 
Professor of Actuarial Science at the University of Texas. 

Associate Professor C. H. Cunkle, Dickinson College, has accepted a position as Re- 
search Mathematician with Cornell Aeronautical Laboratory, Inc., Buffalo, New York. 

Mr. Charles Drescher, Western Electric Company, New York City, is now a Member 
of the Technical Staff of the Ramo-Wooldridge Corporation, Los Angeles, California. 

Miss Ann Farek, Laredo Junior College, has been appointed Instructor at the Texas 
College of Arts and Industries. 

Mr. W. E. Felling, Parks College of Aeronautical Technology, has accepted a position 
as Research Scientist with the McDonnell Aircraft Corporation, St. Louis, Missouri. 

Mr. W. E. Ferguson, on leave from Newton High School, Newtonville, Massachu- 
setts, is a Visiting Lecturer at the University of Illinois, 1958-59. 

Mr. H. E. Fleming, Harpur College, is now a Teaching Assistant at the University of 
Maryland. 

Dr. Abraham Franck, Senior Mathematician with Engineering Research Associates 
of Remington Rand, St. Paul, Minnesota, has been promoted to Manager, Systems and 
Mathematics Research. 


Mr. D. A. Freedman, McGill University, Montreal, is now a Rand Fellow in Mathe- 
matical Statistics, Princeton University. 

Mr. J. D. Gilbert, Alabama Polytechnic Institute, has been appointed Assistant Pro- 
fessor at Louisiana Polytechnic Institute. 

Associate Professor W. M. Gilbert, on leave from Iowa State College, is a Visiting 
Fellow at Princeton University. 

Associate Professor E. H. Gilmore, Oklahoma State University, has been appointed 
Assistant Professor at Texas Technological College. 

Mr. M. L. Glasser, University of Miami, has been appointed Research Assistant at 
Carnegie Institute of Technology. 


Mr. J. B. Goebel, University of Oregon, has been appointed Teaching Fellow at 
Oregon State College. 


Professor M. O. Gonzalez, University of Havana, has been appointed Professor at the 
University of Alabama. 

Mr. William Granet, Office of Statistical and Research Services, Boston University, 
has been appointed Director of the Computing Center, Oklahoma State University. 

Mr. J. R. Hanne, Dartmouth College, is now a Teaching Fellow at the University of 
Michigan. 

Dr. S. M. Harmon, University of California, Los Angeles, has been appointed Assist- 
ant Professor at Fresno State College. 

Mr. F. H. Hildebrand, Kent State University, is an NSF Fellow at the University of 
Illinois for the academic year 1958-59. 

Mr. Raymond Hirschkop, Pratt Institute, is now on the Research Staff at Lincoln 
Laboratories, Massachusetts Institute of Technology. 

Assistant Professor T. C. Holyoke, Miami University, Ohio, has been appointed 
Associate Professor at Antioch College. 

Mr. Norman Johnson, Geneva College, is now a Teaching Fellow at the University 
of Toronto. 

Assistant Professor J. B. Johnston, University of Kansas City, has been appointed 
Assistant Professor at the University of Kansas. 

Mr. A. P. Jones, U. S. Army Computing Laboratory, is now a Mathematician with 
the National Heart Institute, Bethesda, Maryland. 

Assistant Professor R. P. Kelisky, University of Texas, has accepted the position of 
Associate Mathematician with I.B.M. Research Center, Yorktown Heights, New York. 
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Dr. Naoki Kimura, Tokyo Institute of Technology, Japan, has been appointed Act- 
ing Assistant Professor at the University of Washington. 

Mr. G. D. King, Brevard College, has been appointed Assistant Professor at Clem- 
son College. 

Associate Professor O. M. Klose, Seattle University, has been appointed Associate 
Professor at Humboldt State College. 

Dr. G. R. Lehner, University of Wisconsin, has been appointed Instructor at the 
University of Maryland. 

Mr. R. J. Libera, University of Massachusetts, has been appointed Teaching Assist- 
ant at Rutgers, The State University. 

Associate Professor A. C. Lindberg, Dana College, has been appointed Assistant 
Professor at Mankato State College. 

Mr. W. M. Lowney, University of Notre Dame, has accepted the position of Scien- 
tist with Lockheed Missiles System Division, Palo Alto, Califfornia. 

Mr. J. C. Mairhuber, University of Rochester, has been appointed Assistant Pro- 
fessor at the University of New Hampshire. 

Mr. Dale Maness, Chance Vought Aircraft Inc., Dallas, Texas, has been appointed 
Professor and Chairman of the Department of Mathematics at Howard Payne College. 

Mr. H. T. Mathews, Georgia Institute of Technology, has been appointed Associate 
in Mathematics at Louisiana State University in New Orleans. 

Dr. Elliott Mendelson, Harvard University, has been appointed Instructor at Co- 
lumbia University. 

Dr. Mabel D. Montgomery, University of Buffalo, has been appointed Associate 
Professor at State University of New York, Cullege for Teachers at Buffalo. 

Dr. H. S. Moredock, Jr. has been appointed Professor at Sacramento State College. 

Mr. D. L. Muench, Weapon Systems Laboratory, Aberdeen Proving Ground, Mary- 
land, has been appointed Graduate Assistant at St. John’s University, New York. 

Mr. M. J. Pascual has been appointed Assistant Professor at Siena College. 

Dr. M. J. Poliferno, Williams College, has been appointed Instructor at Trinity 
College, Connecticut. 

Dr. G. Y. Rainich, on leave from the University of Michigan, is a Visiting Professor 
at the University of Notre Dame. 

Mr. C. R. Riehm, University of Toronto, has been appointed Assistant in Research 
at Princeton University. 

Mr. E. L. Roetman, Indiana University, has been appointed Teaching Assistant at 
the University of Minnesota. 

Mr. H. D. Ruderman, Bronx High School of Science, New York, has been appointed 
Chairman of the Mathematics Department of Hunter College High School. 

Mr. P. T. Rygg has been appointed Instructor at Iowa State College. 

Mr. R. T. Sandberg, University of Buffalo, has been appointed Instructor at the 
University of Arizona. 

Dr. B. D. Seckler, Brooklyn College, has been appointed Assistant Professor at 
Pratt Institute of Technology. 

Mr. Anthony Sepan, Temple University, has been appointed Teaching Assistant at 
the University of Wisconsin. 

Mr. W. T. Sharp, on leave from Atomic Energy of Canada Ltd., is an Instructor at 
Princeton University for the academic year 1958-59. 

Dr. M. W. Shelly II, Laboratory of Aviation Psychology, Columbus, Ohio, has been 
appointed Psychologist at the Office of Naval Research, Deerfield, Illinois. 

Mr. M. G. Shults, Northern Oklahoma Junior College, has been appointed Assistant 
Professor at Panhandle Agricultural and Mechanical College. 
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Dr. H. F. Simmons, Iowa State College, has been appointed Assistant Professor at 
California State Polytechnic College. 

Mr. R. H. Sprague, University of Kentucky, has been appointed Assistant Professor 
at New Mexico Agricultural and Mechanical College. 

Mr. H. R. Stevens, University of Buffalo, has been appointed Part-Time Instructor 
at Duke University. 

Dr. J. R. Stock, Union Carbide and Carbon Corporation, New York, has been ap- 
pointed Engineer at the Stock Equipment Company, Cleveland, Ohio. 

Mrs. Doris S. Stockton, Brown University, has been appointed Assistant Professor 
at the University of Massachusetts. 


Dr. Karl Stromberg, University of Washington, is now Postdoctoral Research Asso- 
ciate at Yale University. 


Mr. L. R. Tappan, University of Michigan, has been appointed Assistant Professor 
at Nicholls State College. 

Mr. J. D. Thomas, University of Oklahoma, has accepted a position as Staff Member 
at Los Alamos Scientific Laboratory. 

Mr. C. C. Thompson, Oklahoma State University, has been appointed Assistant 
Instructor at Yale University. 

Dr. R. N. Townsend, University of Illinois, has been appointed Assistant Professor 
at San Jose State College. 

Dr. R. N. Walter, Manhattan High School of Aviation Trades, New York, has been 
appointed Professor at Paterson State College. 

Professor S. E. Warschawski, on leave from the University of Minnesota, has been 
appointed Visiting Professor at the University of California at Los Angeles for the aca- 
demic year 1958-59. 


Mr. D. B. Wells, University of Kentucky, has been appointed Instructor at Western 
Carolina College. 


Dr. G. M. Wing, Los Alamos Scientific Laboratory, has been appointed Associate 
Professor at the University of New Mexico. 


Assistant Professor Mildred M. Sullivan, Queens College, New York, died on August 
30, 1958. She was a member of the Association for eleven years. 

Professor G. C. Vedova, Newark College of Engineering, died on September 5, 1958. 
He was a member of the Association for twenty years. 

Professor Emeritus A. H. Wilson, Haverford College, died on September 22, 1958 at 
the age of 86 years. He was a charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 204 


persons have been elected to membership by the Board of Governors on applications 
duly certified. 


Jean_ E. Apsett, A.A. (California, Washington) Mathematician, S.C.) | Donelson 
Davis) Student, University of Lincoln Lab. High $ School, Tenn 

ACK DJAMI udent, Broo! ief, Math. Anal Sect Dept. ny’s 
College. - Bell High School, Smithtown, New 


craft 
ArNotD C. AHLIN, B.A. (Eastern Joz H. ALLEN, (middie Ten- York. 
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Jerry G. Batts, M.A. (Kansas City) 
Instr., University of Kansas. 
Cameron C. Barr, Jr., B.S. (Roa- 

noke) Instr., Roanoke College. 
Lr. Cot. Laszio BEREs, 

and Air Attache, Hun- 

Legation, Washington, 


BERNARD BERGER, Student, Uni- 
versity 

Martin F. Berman, B.A. (U.C.L.A.) 
Asst. System 
Development Corp. 

Joserx R. Brienas, Student, Indiana 
Technical College. 

BernarD E. Bjyorx, B.S. (St. Cloud 
S.C.) Instr., Falls High School, 
International Falls, Minnesota. 

Martin BiumserG, M.S. in E.E. 
(Stanford) Eng. Specialist, Elec- 
tronic Defense Lab., Mountain 
View, California. 

Davin B. Bootusy, M.A. (Massa- 
chusetts) Instr., University of 
Vermont. 

Marx Bripcer, Student, Bronx 
High School of Science, New 

or 


JAMES D. Bristot, M.A. (Western 
Reserve) eacher, Shaker 
Senior High School, 


Came “BRooxs, Student, University 
of Mai 


ne. 

Ricnarp A. Brown, M.S.(S.U. of 
Iowa) Asso. Professor, Blue- 
field State College. 

Rosert F. Brown, A.B. (Harvard) 
Mathematician, Bureau of Sup- 
plies and Accounts, U. S. Navy. 

O. Lexton BucHANAN, Jr., M. 
ong Asst., University of 


Beananp Bucky, B.S. (Queens, 
New York) Grad. Student, 
New York University. 

Mrs. Joyce M. BurcHENAL, B.S. 
(Michigan Coll. of 
Tech.) Head of 

Mt. 


Creuse School, 
ens, Michiga 
NEWBERN W. “Buss, M.S. (Auburn) 
Head of Dept., Jacksonville 
State College. 
Macpetnayne F. Bureau, M.S. 
Montreal) — St. Joseph 
— 
RIcHARD E. Cap M.S. (West Vir- 
_ Instr., West Virginia Uni- 


G Cours BELL, M.S. (Florida 

S.U.) Asso. Professor, Virginia 

Polytechnic Institute. 

Jay O. Cassy, Student, Oklahoma 

State University. 

BernarD C. CHALOUPKA, 

(c ton) Engr., Martin RS. 
GEORGE HANEY, M.S. (Kansas 
S.T .C.) Instr., Coffeyville Col- 

HESSER, Student, 


B.S.(Case 1.T.) 
Grad. Student, Massachusetts 
Institute of Technology. 
ice M. CHRISTIANSEN, M.S. 
(Northwestern) Instr., Univer- 
sity of 
CoHEN, 
Aeronautical Lab. 
M. Co#EN, 


LL Student, 
University of Chicago. 


HARVEY Comm. D. (Harvard) 
Depts University of 

C. Compton, Student, Co- 
lumbia University. 

Lewis H. Coon, 7M. S. (Indiana) 
Asst. Professor, thwestern 
State College. 

Denset G. Corsin, B.S. 

E J Product: 


Patricia A. CoucER. M.A. (Wichita) 
Instr., Wichita 

D. Craven, B.S. ( ennsyl- 
vania S.U.) Grad. Student, 
Pennsylvania State University 

THUR CRAWSHAW, Engr., Washing- 
ton State Highway Dept., Seat- 
tle, Washington. 

C. Crm, M.A. (Peabody) 
fon. Professor, West Georgia 

ege. 

Joun P. Jr., B.S. (St. 
Mary's, Texas) Junior Res. 
Engr., Southwest Research In- 
stitute. 

Erna A. B.A. of 
Mt. St. Vincent) Asst. 
visor, New York City Rg of 

elfare. 

BENJAMIN -——* B.S. (Glassboro 
S.T.C.) Teacher, Roosevelt 
Junior School, New Bruns- 


University of California, 


keley. 
Russet D. F. Dineen, M.A. (Dela- 
ware) Teacher, Board of Public 


Peabody) Head of Dept., South- 
eastern State College. 
BenjJAMIN F. Epwarps, Jr., B.S. 
{S. S.F. Austin S.C.) Senior Engr., 
Vought Aircraft Inc. 
Epwarps, B.S. (Florida 
ath Grad. Asst., Florida State 
University. 
Mrs. Fiorence L. Exper, M.A. 
Columbia) Chairman of Dept., 
. Hempstead Junior-Senior 
High School, New York. 
Epwin L. Ettuis, Ballistic Research 
een Proving Ground, 


Esty, M.A. (Yale) 
Asso. Dean and Instr., Amherst 
Co! liege. 

Ciement E. Faso, M.A. (Texas) 
Instr., San Antonio College. 

Lr. Neat A. FARMER, B.S. (Tuscu- 
United States Ma- 


S.C.) Instr., Teachers College 
of Connecticut. 

. Froyp, M.S. (Emory) 
Senior Res. Engr., Melpar Inc. . 

Joun A. Fiynn, Engr., Martin- 
Denver. 

Joun C. Focarty, Student, Harvard 
University. 

Forses, Asso. Editor and 

Senior Economist, Econometric 
Institute. 

Staniey P. FRANKLIN, Student, 
Memphis State University. 

Ricwarp B. Frey, (Illinois) 
High School Instr., Des Plaines, 
Illinois. 

Herman P. FrrepMan, M.A. (Brook- 
lyn) Senior Mathematician, Bul- 
ova Research and 
ment Labs. 


[January 


Kurt O. Frizpricus, Ph.D. (Gét- 
tingen) Professor, New York 
University; Asso. Director, In- 
stitute of Mathematical Sciences. 

1p H. C. Func, Student, Idaho 
State College. 

Joun W. Gammit, B.S. (Delta S.C.) 
Instr., Mississippi State College. 

E. GARDNER, JR., Student, 
Oklahoma State University. 

Joun B. Res. Asst., Carleton 


liege. 

Joun M. Gary, Ph.D. (Michigan) 
Instr., California Institute of 
Technology 

RosBert M. CASPER, Student, Butler 


Ph.D. (Columbia) 
Dean of Instruction, Cuttington 
College, Monrovia, Liberia. 
Getser, M.S. (Chicago) 
er, of Chicago 
Cavin W. (U.C.L.A.) 
Engr., Sylvania Electric Prod- 
ucts Inc.; Grad. Student, Stan- 
ford University. 
B.A. (Montreal) 
Lecturer and Grad. Student, 
McGill University. 
Paut J. Gowen, Student, George- 
town University. 
Rev. M. Grimes, M.S. 
(Loyola) Instr., Servite Seminary 
NorMaN GRossMAN. Ph.D. (New 
York) Chief Engr., 
Republic Aviation 
Tan Grzesix, Student, University of 
ifornia, Los Angeles. 
Epwarp P. GueETTLeR, Student, 
Georgetown University. 
A. Happock, M.S. (Oklahoma 
S.U.) — Professor, Arkansas 


College. 
Asst. Professor, Uni- 
South Dakota. 
Harrison, B.S. (Texas 
Western) Grad, Student, Uni- 
Kansas 


Instr., of Buffalo. 

Merwyn H. Hemp, Student, Uni- 
versity of Wisconsin. 

Mrs. Sammie R. HeENpricks, B.S. 
(North Texas S.C.) Aerophys- 
ics Engr., Convair. 

Paut F. Hoses. Jr., M.A. (Penna. 
State) Mathematician, 
= Fleming Corddry Carpenter 


L. Hicks, M.A. (Alabama) 
Asso. Professor, Jacksonville 
State College. 

Donato W. 


University. 
EEN R. Hopce, Student, St. 
Anthony’s Girls’ High School, 
Lakewood, 


il. 
Cuartes M. HuGuey, Student, The 
Citadel. 
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G. Hazvett, M.Ed. (South- 
west Texas S.T.C.) Computa- 
tional Engr., Chance Vought. J 
Mrs. Ruth E. Hetn7z, B.A. (Buffalo 
I 
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J 
] 
Henry Hiz, Ph.D. (Harvard Asst. 
Central State College, Oklahoma. Professor, Pennsylvania State ’ 
Josern B. CuHICCARELLI, M.A. (Bos- 
ton Coll.) Asst. Professor, Ford- SHA 
ham University. 
Ke 
Do 
Instr., Grand View College. 
ALI Epwin A. Horn, B.A. (Western S.C. 
of Colorado) Teacher, Reliance 
High School, Wyoming. 
3 M Henry Hosex, Jr., B.S. in Ed. (Ball 
S.T.C.) Teaching Asst., Ball 
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Joun D. Hwanc, M.A. (California, 
Berkeley) Asst. Professor, Sac- 
ramento State College. 

Horace B. Irvine, Asst. Treasurer- 


Jose, B.A. (Tulsa) 


Washington D. C.; Lect 
The American University. 


School, New York 


ity. 
Arnotp P. Jones, A.B. (Oberlin) 
Mathematician, National Heart 


Buty P. Jon’ NES, B.S. (Alabama 

Res. 
Missile 


Polytech:) 
Army Ballistic 
KENDIG, Student, University 
of California, Los An: 
Mrs. H. Kipps, M.A. 
alifornia) Instr., Pasadena C: 


ton High 
Ci 


HT, M.A. (Geo. 
Instr., Waverly Cen- 
tral High School, ‘Tennessee. 
Mitprep E. Kocornik, B.A. (Beth- 
any) Teacher, Nutley High 

ool, New 

_ KONOVE, .A. (Montclair 
S.T.C.) Asso. Professor, Newark 
College of Engineering 

AnpREW J. Korsaxk, Student, Uni- 
of Toronto. 

HENR’ . Kysurc, Jr., 
(Columbia) A Prof 


leyan Uni 
H. B BS (Fairleigh Dick- 
— Asst., Western Elec- 


Asst. ‘getown U: 


versit 

ROMUALD LesaGE, M.S. (Vermont) 
Asso. Professor, State University 
Teachers College, Plattsburgh, 
New York. 

Joe. Levy, M.A. 
Mathematician, U. S. 

Donatp R. B.S. Pittsburgh) 
Senior Mathematician, Curt 
Wright Corp 

MICHAEL W. Lanato, A.B. 
Grad. Student, University 

Ph.D. (Cornell) 

klahoma. 

M.A. (Southern 
Asso. 
Midwestern University. 

Frep J. Lotz, B.S.(St. Josephs) 
Holloman Air 

‘orce 
H. Macnirt 
(Virginia) Grad. Student, 
of Virginia. 

A. MARKLEY, Jr., M.Litt. 

(Pittsburgh) Instr., Mount Un- 


ion College. 
Joseph Mayer, Ph.D. 
fessor and Head of Dept., 


MicHaEL M ENKE, Student, 
Webster Groves H 
Missouri. 

G. H. Murer, Ph.D. (Southern 


California) Assoc. Professor, 
Western Illinois University. 

Rose M, M.Ed. (Vermont) 
Teacher, Monmouth College. 
Grorce L. MILuican, M.S. (South- 
Engr., Texas 


M.A. (New 
York S.T.C.) Res. Asst., Los 
Alamos Scientific Lab. 

Ricwarp C. MorGAn, Student, Ste- 
vens Institute of Technology. 

Mary E. Morris, M.A. (Geo. Pea- 
body) Teacher, Webster Groves 
Public Schools, Missouri. 

Stewart NaGLer, Student, Madison 


School, Brooklyn, New 

or 

Newman, Student, Brook- 
lyn College. 

NiIEDELMAN, B.A. ag C.N.Y.) 
Engr., Burroughs 

Mrs. Lois J. NIEMANN, ave S. (Pur- 


due) Shrewsbury, Massachu- 


setts. 

Lt. Ropert J. A.B. (Sacra- 
mento S.C.) U. Air Force. 

Rev. FRANCIS O'CONNOR. SJ., 
B.S. (Springhill) Clergy, N. Y. 
Province of Society of Jesus. 

Mrs. Barsara L. Osorsxy, Student, 
Cornell University. 

Cristina P. PaREL, Ph.D. (Michigan) 
Asst. Professor, University of the 
Philippines. 

BERNARD PELLETIER, Draftsman, 
Canadair Ltd. 

Louts J. RatuiFF, Jr., M.S. (S.U. of 
Iowa) Teacher, University 

School, Iowa City, Iowa. 

Joun RaveEsLoot, M.S. (North- 
western) I. 

Miriam M. REIK, Student, 
Lawrence College; Member Res. 
Staff. Tex McCrary Inc. 

MeEtvin D, Retn, M.A. (Columbia) 
Teacher, Pekin Community High 
School, Illinois. 

Kenneth A. RETzER, M.Ed. 
Saunemin High School, 

N. Wayne Ruopvus, B.S. (Ohio State) 
Grad. Student, Ohio State Uni- 


ARTHUR . Roserts, M.S. (Wis- 
consin) Instr., Morton Junior 


ollege. 

Geratp S. Rocers, Ph.D.(S.U. 
of Iowa) ni- 
versity of 


Joun L. ROPER, Lab. 7 Tech., Chrysler 
Engineering. 
iene J. ROSENBERG, New York City. 
AVID ROSENTHAL, Student, Uni- 
Chicago. 
OSTENBERG, JR., 
(McGill) Professor of Derma- 
tology, University of Illinois. 
Eucene E. RYGWALSKI, (Al 
Statistician, General Elec- 
Ph.D. (Toronto) 


ScHILD. 
Professor, University of Texas. 
Scumip, B.A.(Hunter) 


High Schoo! 

EpwarpD SCHNEIDER, M. Fiscal Ad. 
(Columbus) Statis- 
tician, St. Elizabeths Hospital, 
Washington, D. C. 


Hans W. E. ScHWERDTFEGER, Ph.D. 
Bonn) Assoc. Professor, Mc- 
ill University. 
D. Scott, Student, South 
a Cliff High School, Dallas, 
exas. 
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Rospert L. Scott, M.S. (Atlanta) 
Instr., Tuskegee Institute. 
Rosert D.SHortnacy, Eng. Checker, 
uthern Asso. Engrs. Inc. 
GERALD H. SILBERBERG, B.A. (Buf- 
falo) Eng. Computer, Bell Air- 


craft Corp. 

Davin L, SttverMaN, M.A. (U.C.L.A. 
Teaching Asst., University of 
California, Los Angeles. 

Sister M. Louise Scumipt, M.S. 
Kansas_ S.T.C., Pittsburg) 
— St. Mary of the Plains 

ege. 


ARIA WILLIAM WB8ITE, 
ohn’s, N.Y.) Instr., 
Ladycliff ollege 

Sist—eR MARIE Brancas, B.A. (St. 
Mary-of-the-Woods Coll.) Teach- 
er, Providence High School, 
Chicago, Illinois. 

StsteR Mary Otivia, B.A. (Sacred 
Heart Coll.) Teacher, Acade- 
Perpetuo Socorro, Puerto 

ico. 

SistER MARY SERAPHINE BENNETT, 


Wa ter A. SKALSKI, B. 

Development Engr. ., ITT Labs, 

A. SMOLLER, M.S. (Onin) Grad 
-, Purdue Universit 

Jom, R. Stacner, A.A. (Pasadena 

University of 


Wayne J. B.E. (Yale) 
Engr., Western 
Electri 


Stanton, M.S. 
Portland 


EL T. STERN, B.A. (Buffalo) 
Instr., of Buffalo. 
James J. Stoxer, Ph.D. (Technische 
Hochschule) Director, _Insti- 
tute of Sciences. 
Donatp W. Stoxes, Instr., Blue Is- 
land Community High School, 
Illinois. 

Feiciano A. SuBANG, B.S. (Minda- 
nao) Student and Em 
‘ Brewery Inc., Phil- 
ippines. 


MELVIN TAINITER, B.S. (Brooklyn) 
pie le, Fairchild Guided Missile 


L._ Taytor, A.A. (Santa 
Ana Jr. Coll.) Lab. Tech., East- 
man Kodak Co. 

Mrs. ARLEEN G. THOMPSON, Stu- 
dent, University of — 
Howarp E. TuHompson, M.S. (Wis- 
consin) Mathematician, A. O. 

Smith Corp 


Pup J. M.S.(Purdue) 
Asst. Professor, Michigan State 


Student, 
Wayne State University. 

Rosert L. Truax, M.A. (Mississippi) 
Chairman of Dept., Crossett 
Public Schools, Arkansas. 


Instr., Elizabethtown 
— University of 


ERNEST UnpErwoop, B.A. (Mon- 
tana S.U.) Instr., Northern 
Montana College. 

GrorcE VAN M.A. 


sity of California, Berkeley. 


Controller, Van Camp Hard- i 
ware & Iron Co., Indianapolis, ; 
Indiana. 
Grad. Student, Tulsa University. : 
S. JouNson, Ph.D. (Catholic) 
Instr., Public School System, 
Mrs. W 
chicago) insta 
(Chicago) Ins 
State College. 
University. 
Peter G. THURNAUER, Res. Asst., 
Carleton College. 
No 
T rth " 
Western College. 
Dennis M, McCaskILt, M.S. (North 
Carolina Coll., Durham) _Prin- 
cipal, Washington High School, 
Shelby, North Carolina. 
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[January 


RayMonpD W. VENN, M.Ed. (Wiscon- College District, Arizona. S.C.) Math. Analyst, Lockheed 
sin S.C., Superior) Teacher, Davin B. WessterR, M.A. (Wiscon- Aircraft Corp. 
Evanston. Township High Schooi sin) Instr., Oberlin College. ALEXANDER WITTENBERG, Ph.D. 
Illinois. Leo R. WHICHER, Student, Roose- (Swiss Fed. Inst. Tech.) Asso. 
James D. Vineyarp, A.A. (Black- velt University. Professor, University Laval, 
burn) Student, Blackburn Col- Jom, S. Wuite, Ph.D. (Minnesota) Canada. 
lege. Engr., Minneapolis-Honeywell Woure, M.T. (Northeast- 
WituiaM B. WaALLace, B.A. (Minne- Regulator Co. C.) Grad. Asst., Okla- 
sota) Mathematician, Reming- Booker T. Wurrtincton, B.S. ‘State University. 
ton Rand Univac. 


Cuartes D. Watkins, B.A. (S.U. 


Tuskegee) Teacher, Chilton 
county Training School, Clan- 


Cuun W. Student, 
of California, Los Ange 


of Iowa) Instr., Mt. Pleasant ton, Alabama. Joun S. Woop, Postal cee Seattle 
High School, lowa. Artaur F. WICKERSHAM, Jr., Ph.D. Terminal P.O., Washington. 


Ed. (Arizona S.C., Tempe) hy 


(California) Eng. S jalist, Syl- 
vania Electronic fense Lab. 


ALAN C. Woops, Ph.D. (Manchester) 
Asst. Professor, Tulane Univer- 


Phoenix Union High Schoolsand Don A. WitcraFt, B.S. (Oregon sity. 


CALENDAR OF FUTURE MEETINGS 
Forty-second Annual Meeting, University of Pennsylvania, Philadelphia, Pennsyl- 


vania, January 22-23, 1959. 


Fortieth Summer Meeting, University of Utah, Salt Lake City, Utah, August 31- 


September 3, 1959. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, University of Pitts- 
burgh, May 2, 1959. 

Iturnots, Millikin University, Decatur, May 
8-9, 1959. 

InpIANA, Valparaiso University, May 2, 1959. 

IowA, Iowa Wesleyan University, Mount Pleas- 
ant, April 17, 1959. 

Kansas, Marymount College, Salina, April 11, 
1959. 

Kentucky, Centre College of Kentucky, Dan- 
ville, April, 1959. 

Buena Vista Hotel, 
Biloxi, Mississippi, February 13-14, 1959. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York, Polytechnic Insti- 
tute of Brooklyn, April 18, 1959. 

Micuican, Michigan State University of Agri- 
culture and Applied Science, East Lansing, 
March 28, 1959. 

MINNESOTA, University of Minnesota, Minne- 
apolis, April 25, 1959. 

Missour!, Lindenwood College, St. Charles, 
April 25, 1959. 

NEBRASKA, University of Nebraska, Lincoln, 
April 18, 1959. 


NEw JERSEY 

NORTHEASTERN 

NORTHERN CALIFORNIA, Stanford University, 
January 17, 1959. 

Ou10, Miami University, Oxford, May 9, 1959. 

OKLAHOMA, Tulsa University, Tulsa, Okla- 
homa, Spring, 1959. 

Paciric NortHwEst, University of Oregon, 
Eugene, June 19, 1959. 

PHILADELPHIA 

Rocky Mountain, Utah State University of 
Agriculture and Applied Science, Logan, 
May 8-9, 1959. 

SOUTHEASTERN, East Tennessee State College, 
Johnson City, March 20-21, 1959. 

SOUTHERN CALIFORNIA, University of Red- 
lands, March 14, 1959. 

SOUTHWESTERN, Arizona State College, Tempe, 
Spring, 1959. 

TExas, University of Texas, Austin, April, 
1959. 

Uprer NEw York State, Hartwick College, 
Oneonta, May 9, 1959. 

WisconsIN, Wisconsin State College, Platte- 
ville, May 2, 1959. 


Lyn 
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for 


> FUNDAMENTAL 
Adnivasly mes RINCIPLES OF 


latest recommenda- 


by 4 a” in Whore 


UNIVERSITY OF FLORIDA 


This new text bridges the gap between the traditional material taught in fresh- 
man mathematics courses and modern mathematics. While the author has 
emphasized basic ideas of modern mathematics, he has not written his text 
above the heads of the average high school graduate—often not well versed 
in mathematics. The book opens with a clear explanation of the concept of a 
set; and this concept and that of the elementary se at and their graphs are 
used throughout. An excellent preparation for the calculus, this text will be an 
exciting experience for all students whether they continue their study of mathe- 
matics or not. 


Ready for your inspection in March. Send for your copy now. 


from the publishers of 


—» Introduction to the Foundations 
Texts thot led the way in Fundamental Concepts of 


flecting the “new look” in 


mathemati Mathematics 


by Howard Eves & Carroll V. Newsom 
363 pages, $6.75 


Understanding Arithmetic 


} by Robert L. Swain 
264 pages, $4.75 


The tables preferred by | Rinehart Mathematical Tables, 


mathematicians everywhere 


for their accuracy, complete- Formulas & Curves 


1 ness and clarity 


by Harold Larsen 


280 pages, $2.50 
a a COMPANY, INC. © 232 MADISON AVE., NEW YORK 16, N. Y. 


>SUPERVISOR for 


Data Processing 
Analysis Section 


FIRE CONTROL DEPARTMENT 


bat Sylvania’s 
Missile Systems 
Laboratory 


(Suburban Boston) 


Radar system data 
design. Organize and direct 
performing analysis and form 
the — functional organization into a de 
tailed data processing system leading to the 
am design. Simulation and statistical 
a 


puter systems. Administrative of suitable for 

the section —_ and participation in salary 

reviews, hiring, 

Ph.D. in or plus 2-4 
years experience; or masters degree in mathe 

Ler ly plus 5-8 years experience. 


Must have experience in applied mathematics, 
statisti data processing design, 
supervision of analysis and programming 
people. Will report to Department Manager. 
Relocation expenses paid by Sylvania. 
All inquiries answered within 2 weeks. 


Please send resume to Graydon A. Thayer 
MISSILE SYSTEMS LABORATORY 


¥ SYLVANIA ¥ 


SYLVANIA ELECTRIC PRODUCTS INC. 
100-G First Avenue—Waltham 54, Mass. 


The Slaught Memorial Papers 
—S 


The Herbert Ellsworth Slaught Memorial Papers are a series of brief 


expository pamphlets (paper bound 
American Mathematical Monthly. 


published recently: 


published as supplements to the 
he following numbers have been 


3. Proceedings of the Symposium on Special Topics in Applied 
Mathematics. Nine articles by various authors. iv + 73 pages. 


4. Contributions to Geometry. Eight articles by various authors. iv + 


75 pages. 


5- The Conjugate Coordinate System for Plane Euclidean Geometry 


by W. B. Carver. vi + 86 pages. 


6. To Lester R. Ford on His Seventieth Birthday. A collection of 


fourteen articles. vi + 106 pages. 


Copies at one dollar each postpaid may be ordered from: 
Harry M. GEHMAN, Secretary-Treasurer 


MATHEMATICAL ASSOCIATION OF AMERICA 
University of Buffalo 
Buffalo 14, New York 
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Mathematicians 


For analysis group of expanding Research & Development Lab- 
oratory. Principal fields of interest are weapons systems analysis, 
electromagnetic propagation, operations research, nuclear phe- 
nomena, probability and statistics. 

Several openings are available for Mathematicians with masters 
or doctorates in mathematics or physics. These openings require 
men with vision and initiative. 

Our modern laboratory provides a professional working atmo- 
sphere and the location in a quiet suburban area makes for pleas- 
ant living and working with easy access to the cultural and edu- 
cational facilities of metropolitan New York and New Jersey. 
Liberal benefits include a tuition refund plan. 

All inquiries in confidence. Please send resume including salary 
requirements to A, A. Franklin. 


rsoratorits 


DIVISION OF VITRO CORPORATION OF AMERICA 
200 Pleasant Valley Way, West Orange, New Jersey 
(Other laboratories located at Eglin AF Base, Fla. ¢ Silver Spring, Md.) 


mathematical concepts designed for time-saving 
reference work, has a broad coverage of terms 
extending from arithmetic through calculus, in- 
cluding basic terms in theory of functions of real 
and complex variables, integral equations, ana- 
lytic mechanics, differential equations, to the 
theory of group and matrices, theory of summabil- 


MATHEMATIC ity and theory of potential and statistics. Many 
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chines and the theory of games, linear and dy- 
namic programing. Useful tables and extensive 
lists of mathematical symbols and formulae are 
helpfully given. 


The unique Multilingual indexes enable you 
to quickly find the foreign language equivalent 


of a mathematical term, and then its definition 
, in the body of the book. 
MATHEMATICS 544 pp. $15.00 
Students edition without indexes $10.00 
DICTIONARY ORDER FORM 
: eae D. Van Nostrand Company, Inc. Dept. AMMJ 
Revised, Enlarged, 2nd Edition 120 N.J. 
by GLENN JAMES and RoBERT C. JAMES Send_me for ten days FREE examination the 
JAMES, MATHEMATICS DICTIONARY. Within 


now including foreign language equivalents 10 days I will remit purchase pri . 
More than 7,000 mathematical terms are de- nothing. 
fined, PLUS multilingual indexes giving their Name 
equivalents in Russian, German, F, and 
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@ Life Insurance Rates 


TIAA continues to be your best buy for 
family protection. 


For example.... 
a premium of $11.40 a month buys $20,000 of 10-Year Term 


Insurance for a man 33 years of age. The net premium, after annual 
dividend, averages only $7.16 monthly for this $20,000 policy, based 
upon the factors used in determining TIAA’s 1958 dividend scale. 
Dividends, of course, are not guaranteed. 


Any staff member of a college, university or private school is 
eligible to apply for the many low-cost plans available. 


TIAA employs no agents. No one will call on you. 


Ask for details L7” TIAA 


$22 Fifth Ave. 
7 New York 36, N.Y. 


TEACHERS INSURANCE 

AND ANNUITY 77 Yd like details on low-cost 
ASSOCIATION 7 life insurance. 

77 Date of Birth 
of Dependents. 
Name 
Address 
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y) A Course in Mathematical 
“Analysis, Vol. I 


By NORMAN B. HAASER, JOSEPH P. LASALLE, and 

JOSEPH A. SULLIVAN, University of Notre Dame. This book 

is the outgrowth of eight years of active experimentation with 

Ginn mathematics courses for science and engineering students. It 

presents elementary analysis (algebra, trigonometry, analytic 

ff geometry and calculus) from the point of view of contem- 

an porary mathematics. A rigorous course, suitable for both en- 
gineering and liberal arts colleges. 


Comp ANY Volume II, to follow, will contain an extension of the geometry 
and calculus in Volume I. 


Home Office: Boston Sales Offices: New York 11 Chicago 6 
Atlanta 3 Dallas 1 Palo Alto Toronto 16 


Ready in January—A college text on 


ELEMENTARY ALGEBRA 


by Donald S. Russell, Ventura College 


This new text presents elementary algebra at a sufficiently mature level 
to give college students with no previous training in algebra, as well as 
those who need an intensive review course, a solid understanding of 
mathematical concepts. All the topics usually treated in beginning alge- 
bra courses are set forth in such a manner that the student learns not 
only the mechanics involved but also the principles behind them. To 
assist science students, a special chapter is included on the changing of 
the subject of formula. Terms are defined as they are introduced and 
intensive drill exercises present an opportunity for immediate algebraic 
application to a number of subjects—including physics and chemistry. 
A companion volume, /ntermediate Algebra, will be published this spring. 


For your examination copy, write Arthur B. Conant: 


ALLYN AND BACON COLLEGE DIVISION 
150 Tremont Street, Boston 11, Mass. 
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New from Addison Wesley 


AN INTRODUCTION TO ADVANCED DYNAMICS 


By 8S. W. McCusxey, Case Institute of Technology 


This new textbook is designed for a one semester course on 
the advanced undergraduate level. Its purpose is to famil- 
iarize students of science and mathematics with some of the 
ideas of classical dynamics not ordinarily treated in courses 
of elementary mechanics; thus it bridges the gap between 
the latter course and a graduate level course in theoretical 
physics. The emphasis in the book has been placed on a 
thorough understanding of basic principles, with a few simple 
and familiar applications brought in for illustrative purposes 
only. 

264 pp, 120 illus, 1959—$8.50 


also of interest 


VIBRATION AND IMPACT 


By Rautpu Burton, University of Missouri 


Written for courses at the advanced undergraduate-graduate 
level, this textbook furnishes an introductory treatment of 
vibrations for students of engineering. It has been designed 
to serve as a stepping stone between introductory dynamics 
and the more advanced fields of engineering analysis. 


$10 pp, 135 illus, 1958—$8.50 
THEORY OF MATRICES 


By Sam Peruis, Purdue University 
From a review in QUARTERLY OF APPLIED MATHEMATICS: 


“The book gives a concise and clear treatment of the theory 
of matrices with emphasis on the basic ideas rather than 
particular applications. It provides a good background for 
anyone who is to specialize in either pure mathematics or 
physics and applied mathematics.” 


237 pp, 5 illus, 1952—$6.50 
ENGINEERING SYSTEMS ANALYSIS 


By Rosert L. SutHEeRLanp, State University of Iowa 


The text is designed to point up the similarity between topics 
in different fields of engineering by means of analogies which 
exist in the mathematical description of the problems in- 
volved and in the character and form of the solutions to the 
problems. 


228 pp, 98 illus, 1958—$7.50 


vy ADDISON-WESLEY PUBLISHING COMPANY, INC. 


Reading, Massachusetts, U.S.A. 
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COLLEGE TEXTS 


COLLEGE ALGEBRA 
AND TRIGONOMETRY 


New this spring—In a thorough one-semester 
combination course, this modern book takes 
up the material beyond third semester 
algebra which is essential as preparation 

for a course in analytic geometry and 
calculus. The text fully succeeds in provid- 
ing a collegiate development of trigonometry 
and in covering all necessary topics of 
college algebra. 


ANALYTIC GEOMETRY 
AND CALCULUS 


An incomparable introduction to both sub- 
jects, this volume builds student under- 
standing through lucid explanation and 
abundant practice, and provides unmatched 
advanced content later in the course. 

648p. text $7.00 


COLLEGE ALGEBRA 
Fourth Edition 


The leading college algebra in the country, 
this text features the tested sequence of 
topics and pedagogical methods of earlier 
editions; contains a novel introduction to 
signed numbers; offers a unique chapter on 
discrete probability. 

420p. text $4.75 


CALCULUS 


This up-to-date course is rigorous, yet 
skillfully adapted to student understanding 
through organization and textual exposition. 
Contains hundreds of varied problems. 

558p. text $6.75 


mathematics texts by 


WILLIAM HART 


D. C. HEATH AND COMPANY 


NEW BOOKS from Prentice-Hall... 
INTERMEDIATE ALGEBRA 


by LYMAN M. KELLS, U. S. Naval Academy, Emeritus 


DESIGNED TO FILL THE NEEDS OF THE STUDENT WITH LIMITED 
training in algebra as well as the student with no training prior to 
the freshman year, this text helps to guide him to a full understand- 
ing of the subject. 


Simplicity is the keynote of Intermediate Algebra as it applies the 
basic laws of algebra, to cultivate understanding of daliae pro- 
cedures. For example, in Section 3 there is a discussion of the mean- 
ing of the parenthesis which illustrates its amazing power. Section 
4 deals with the fundamental laws and places particular emphasis 
upon the law a(b — c) = ab — ac. 


Approx. 304 pages Pub. Feb. 1959 Text price $4.75 


ELEMENTS OF PLANE TRIGONOMETRY 
by HENRY SHARP, JR., Emory University 


THIS NEW TEXT IS PRESENTED IN THE LANGUAGE AND SPIRIT OF 
modern mathematics. The vocabulary of elementary mathematical 
analysis is introduced early in the text, and is used exclusively 
throughout the book. The subject matter will be of particular interest 
to Engineering (especially Electrical) and Science majors as well as 
to Mathematics majors. The more traditional applications of Trig- 
onometry are also included in the presentation. Organization: The 
over-all plan of the text is simple. After a general, partly historical, 
introduction to the problems which led to the development of 
Trigonometry, the concepts (sets, real numbers, and functions) which 
are fundamental to the understanding of modern mathematics are 
discussed in detail. 

304 pp. Pub. 1958 Text price $4.95 


INTEGRATED ALGEBRA AND TRIGONOMETRY 


by ROBERT C. FISHER and ALLEN D. ZIEBUR, both of Ohio 
State University 


THIS NEW TEXT COVERS TOPICS IN ALGEBRA AND TRIGONOMETRY 
necessary for later study of analytic geometry and calculus. After a 
discussion of real numbers in first chapter, the concept of function 
(a correspondence between sets of numbers) is introduced and graphs 
of functions are described. Included are studies in systems of equa- 
tions, combinations, permutations, the Binomial Theorem, and 
probability. The book concludes with sequences and inverse func- 
tions. A thorough ———- in topics essential for courses in 
analytical geometry calculus. 


416 pp. : Pub. 1958 Text price $6.25 


To receive approval copies promptly, write: Box 903 


PRENTICE-HALL, Inc. 
Englewood Cliffs, New Jersey’ 
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THE MACMILLAN COMPANY 


is pleased to announce that 


CARL B. ALLENDOERFER 


EXECUTIVE OFFICER, DEPARTMENT OF MATHEMATICS, 
UNIVERSITY OF WASHINGTON 
FORMER EDITOR, 


American Mathematical Monthly 


Is NOW CONSULTING EDITOR 
IN THE FIELD OF COLLEGE MATHEMATICS 
AND WILL HAVE EDITORIAL DIRECTION 


OF AN IMPORTANT NEW LIST OF TEXTS. 


THE FIRST BOOKS IN THIS SERIES 
WILL APPEAR IN THE SPRING OF 1960 


UNDER THE MACMILLAN IMPRINT. 
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PLANE TRIGONOMETRY 


By Gorpon P. FULLER, Texes Technological College. Second Edition. Ready in 
January. 


This greatly strengthened new edition emphasizes analytic trigonometry and brings it 
into proper balance with numerical trig. It includes clear, simple discussions and ex- 
planations; illustration of each new topic with problems worked in detail; practical 
problems taken from physics, surveying, and aviation; a complete and adequate treat- 
ment of logarithms; a discussion of trigonometric equations and inverse functions; a 
full chapter devoted to complex numbers. 


PRINCIPLES OF MATHEMATICS 


By C. B. ALLENDOERFER, University of Washington; and C. O. OAKLEY, Haverford 
College. 466 pages, $5.50 


A new approach in both content and emphasis directs this important text toward the re- 
form of the basic curriculum in mathematics. The emphasis is on an understanding of 
the methods of mathematical reasoning, the basic ideas of the subject, and a clear un- 
derstanding of the reasons behind the mathematical processes. For students who have 
completed a course in intermediate algebra and who need preparation for a standard 
calculus course. 


DIFFERENTIAL EQUATIONS 
By Rosert C. Yates, College of William and Mary. 212 pages, $4.75. 


Designed to prepare students for work in modern engineering practice and theory; to 
present the basic mathematical tools necessary for analysis and solution of problems 
leading to differential equations; and to stimulate a sincere and lasting interest in the 
subject. 


COMPUTABILITY AND UNSOLVABILITY 


By Martin Davis, Rensselaer Polytechnic Institute. McGraw-Hill Series in Infor- 
mation Processing and Computers. 214 pages, $7.50 


Concerned with the existence of algorithms or effective computation procedures for 
solving various problems. It deals with the general theory of computability and the 
application of the subject to algebra, number theory, and symbolic logic. Here is the 
first connected presentation of this theory offered from the point of view of Turing 
machines. 


Send for copies on approval 


McGraw-Hill Book Company, Inc. 
330 West 42nd Street New York 36, N. Y. 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONSIN, U.S.A. 
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